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Abstract—There are a variety of efficient approaches to solve crisp inventory models in
operations Research. This paper presents an entropic version of an EOQ model with imperfect
quality items. A model that uses Bellman & Zadeh’s approach to fuzzy dynamic programming
is used. As a result, an entropy cost term is added to the classical inventory cost to form an
entropic total inventory cost function. This provides an estimation of the hidden or difficult to
estimate cost inventory systems that usually are the result of disorder (or entropy). A
mathematical model is developed with numerical results presented and discussed.

Index Terms— Fuzzy Dynamic Programming (FDA), Inventory Control, EOQ, Imperfect
Quality, Entropy Price / Quantity.

1. INTRODUCTION

The earliest inventory control models were developed in the stochastic environment such as economic order
quantity model, which is applicable when the demand of an item has a constant or nearly constant rate. The aim
in any inventory model is to find the amount that should be ordered each period so that it would minimize the
total cost, consisting of ordering and holding costs. However, like many other systems, inventory control
includes the amount of uncertainty and as such can be modelled more efficiently by using Fuzzy logic modelling
techniques. The first approach of fuzzy inventory control was introduced by Zadeh in 1965. In literature, various
types of fuzzy inventory models were introduced and discussed by many researchers. [1-7]

Recent works assumed that items of imperfect quality (defective) are not reworked but rather salvaged in a
secondary market at a discounted price. Another critique of the EOQ model is that many of its cost parameters
are difficult to estimate, which gives rise to some hidden costs. Jaber et al postulated that an improvement in the
performance of production systems can be attained by modelling them as inventory systems. Using this concept,
they were able to develop an entropy cost function that they added as a third term to the EOQ inventory cost
function (the sum of the order and holding costs). This allows measuring the cost of pushing one unit of
commodity from the system to its environment (market). [8-10] Disorder (or entropy) in the system can appear
in the form of “queues of materials, waiting to be processed , machines waiting for service, finished products
waiting for customers.

This paper will present fuzzy dynamic programming techniques for modelling inventory, as a new and
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challenging approach. The drawbacks of fuzzy dynamic programming are that this is a method of solving
problems exhibiting the properties of overlapping sub-problems that takes much less time than some naive
methods. It is organised as follows. The next section provides a background of thermodynamic version of the
model of Salameh and Jaber et al and develops an entropy price-quality of the model of Maddah and Jaber. This
section is followed by section 3, which gives numerical examples and discussion of results. The paper
summarizes and concludes in section 4.

A. Traditional Dynamic Programming

Traditional dynamic programming is a technique introduced first by Bellman in 1957. This technique is very
known technique for solving large optimization problem that can be break up into small problems. Once, all the
sub-problems have been done with, we are left with an optimal solution to the large problem. [11-16]. Each of
the smaller problems is identified with a stage of the dynamic programming solution procedure. Basically the
problem is formulated in terms of state variables X,, representing the amount of inventory on hand at the
beginning of stage n =1,2,...,N: decision variables Cs_,representing the production quantity for stage n =
1,2,...,N; stage rewards, R, : a reward function R,,(d,, ..., d,,_1, Xy); and a transformation function t,, (pn, Csn)~
The problem is solved by solving recursively the following [17-20]

Max Csn Ry (Pn'Csn) = Max Csn Rn (Pn'Csn)* Ru+1(Pn+1)
Such that

Pns1 = ty(PnCs,)n=1,2,..,N—1

B. Fuzzy Dynamic Programming

Fuzzy dynamic programming was suggested first by Bellman & Zadeh in 1970. They based their considerations
on the symmetrical model of a decision [21-25].

Let X, € X,n=1,2,..,N —1 be defined as state variable where X = 1,,7,,73, ..., Ty be the set of values
permitted for the state variables;

Cs, € C,S,=0,1,2,..,N

be defined as decision variable where € = {o, %, X, ..., %, } be the set possible decisions.
Pn+1 = tn (pn, C Sn) be the transformation function.
For stage t,t = 1,2, ..., N, we define [26-30]
e A fuzzy constraint C_t1 limiting the decision space and characterized by its membership function

#z; (Cs,) o
e A fuzzy goal G, characterized by the membership function #E(C Sn)
The problem is to determine the maximizing decision

= {c)
N =1,2,3,...,N for a given P,.

A Fuzzy set decision is the confluence of the constraints and goals and its membership function is defined by
minimum operator

N-1
=% o
t=o0

The optimal decision is given by
Ue (Co0,Cy-1) = min{um (Cs0)s Y oy (CN—1):.“E (Pn)}

The membership function of the maximizing decision is then

HFO(CSQO' v CSON—1) = [Mi?’l {'u(fo (Cso’ s Mgy _, Max CSo»---CSN—z max CSN—I (CSN—1)’ Hﬁ(tl\/) (PN—l' CSN—1))}]
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Where (g, represents the optimal decision on stagen.

Mathematical model for fuzzy dynamic programming applied in inventory control:

Let us assume that we have the following problem. A company needs to close down a certain plant within a
definite time interval. The constraint is that the production level should be decreased as steadily as possible over
this period. Therefore, the goal and constraints can be expressed as a fuzzy numbers, characterized by its
membership function. In this case the demand is assumed to be crisp. The problem is set as follows. Let Cs, €
C,n=0,1,2,..., N be the decision variable representing the production level in periodn. [31, 32]

Let C = {ay,ay, @3, ..., @, } be the set of the decisions allowed, A fuzzy set B, € P,n = 0,1, 2, ..., N be the state
variable representing the stock level at the beginning of period n, P = {t,,7,,73,...,Tm} be the set of state
possible value a fuzzy set S, = 1,2,3,..., N be the crisp demand in period n, Py.; = P, + Cs, — S, be the
crisp transformation function. [33,34]

D, (Cs,) = {(Csn, “E(Csn))} be the fuzzy constraints representing ‘Production should decrease as smoothly as
possible’.

Gy (xy+1) = {xy4+1,1c (xy +1) } be the fuzzy goal representing ‘to have as low inventory level as possible
[35]

In this case the demand is assumed to be crisp. However, objective function as well as constraints can be non-
crisp and therefore they are defined by their membership functions. The aim is to maximize the goal within the
ranges specified for the constraints according to mathematical expression.

C. Application

Let the constraint be represented by the following membership function [36]

( O Cs, <50—10

l 4+05n+ tf50—10n Cs, =70—10n
#Dn(csn {

|5 05n——1f70—10n<(]5 <90-10n

( 01f90—10n< Cs,

Forn = 1, 2, 3,4 the membership functions are represented in the Figure 1.
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Figure 1. The membership function of the goal

Let the goal be represented by the following membership function

n+1

if0 < x,,, <20
0 if else

wop(Cs) =14
Let the number of stages be N =4 and the most crisp demands for each stage be a, = 40,a, = 45,a; =

40,a, = 55.
The sets of the values permitted for the decisions and state values are respectively

¢ =1{0,5,10,..}and x = {0,5,10, ...}
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Assume that the stock level at the beginning is Py = 0 and 0 < x5 < 20.

1
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Figure 2. The membership function of the constraints

D. Solution

Since we are interested in the values of Cs for which up. (C Sn) > 0 the lower and upper bounds for the
decision variables at different stages are found from the constraints membership functions as shown in the table.
[37-39].

TABLE I. LOWER AND UPPER BOUNDS FOR THE DECISION VARIABLES

N ct, S,
1 50 30
2 40 70
3 30 60
4 10 40

In order to find lower and upper bounds for the state variables, first forward calculation is performed and
corresponding py, » N f are respectively found using the equations below and the results are shown in Table 2

Png = Prltl—l,f + Cs,

Sn-1

- a,_.;,n=123,45

TABLE II. LOWER AND UPPER BOUNDS FOR THE STATE VARIABLES BY FORWARD CALCULATION

N Phs Pus
1 0 0

2 5 35
3 10 60
4 0 80

Second step is to perform backward

TABLE III. LOWER AND

calculation recursively and the following results are obtained:

UPPER BOUNDS FOR THE STATE VARIABLES BY BACKWARD CALCULATION

N Phs Pub
1 0 0
2 0 60
3 0 55
4 10 45
5 0 0
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The final bounds for the state variables are obtained by the following equations and shown in the Table 4.
Ph = max{Pvlq,b:pvlq,b}

Py = min{py . php}

TABLE IV. FINAL LOWER AND UPPER BOUNDS FOR THE STATE VARIABLES

N Phb Pup
1 0 0
2 5 30
3 10 40
4 10 50
5 0 0

At this point, it is possible to apply dynamic programming with fuzzy decision and state variables. The aim is to
find the maximum value of the goal membership function for each state variable (whose range is given above in
Table 4) and this is performed by applying the equation

Stage 1: The equation obtained is as follows:

Ug, s obtained from the following equation results are shown in Table 5 and plotted in the Figure 3.

Mg, = maxd4{min[uC(Cs4),uG (p4 +Cs, — a4)]}

TABLE V. STAGE |

Cs, pe, (x4)

P, 25 30 35 40 45 50 55

5 0 0 0 0 0 0 1/4 1/4
10 0 0 0 0 0 12 | 1/4 12
15 0 0 0 0 34 | 12 | 1/4 3/4
20 0 0 0 1 34 | 12 | 112 1/4
25 0 0 3/4 | 34 | 12 | 1/4 0 3/4
30 0 12 | 3/4 | 12 | 1/4 0 0 3/4
35 1/4 | 172 | 122 | 1/4 0 0 0 12
40 1/4 | 12 | 1/4 0 0 0 0 12
45 1/4 | 1/4 0 0 0 0 0 12
50 1/4 0 0 0 0 0 0 1/4

Stage 2: The corresponding equation for the second stage is
Hp, = maxq, {min[uc (Cs,), ke (ps + Cs, = as)]}
Function p is obtained first by calculating the value of the transformation function
ps= ps+ Cs, — a3

then taking the corresponding value from the abscissa vector of the function g, (x,). The results are shown in
the Table 6, and function ug, (x3) is shown in Figure 4.
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Figure 3 — Membership function yg,
TABLE VI— STAGE 2
Cs
’ He, (x3)

Py | 35 | 40 | 45 | 50 | 55 | 60 | 65
5 0 0 | 1/4 ] 1/2]3/4]| 12| 1/4 3/4
10| 0 | 1/4 | 172 | 3/4|3/4 | 12| 1/4 3/4
15| 174 |12 |13/4 | 1 | 34|12 1/4 1
20 | 174 | 172 | 3/4 | 3/4 | 3/4 | 12| 1/4 3/4
25 | 1/4 | 172 | 3/4 | 3/4 | 12| 12| 1/4 3/4
30 (| 174 | 172 | 3/4|1/2 12| 14| 1/4 3/4
35|14 12112121414 0 172
40 | 174 | 12 |12 | 1/4 | 1/4 ]| O 0 172
45 | 174 | 12 | 1/4 | 1/4] 0 0 0 172
50 1/4|1/4|14] 0 0 0 0 1/4
5514 |14 0 0 0 0 0 1/4
60 | 174 ] 0 0 0 0 0 0 1/4
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Figure 4. Membership function pg,
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Stage 3: Corresponding equation for decision membership function will be

Up, = maxgy, {min[,uc (Csz)»HG(Pz + Cs, — az)]}

by using same procedure described in Stage 2. The results for Stage 3 are shown in the Table 7 and Figure 5.

TABLE VII - STAGE 3

Cs, He, (%2)

P, | 45 | 50 | 55 |60 |65 |70 | 75

10 | 174 | 172 | 3/4 1 3/4 {172 | 1/4 1

15 | 1/4 | 172 | 3/4 | 3/4 | 3/4 | 12| 1/4 3/4
20 | 1/4 | 172 | 3/43/4 | 12|12 1/4 3/4
25 | /4 | 12 [ 3/4 ) 12 | 12|12 1/4 3/4
30 | 1A | 12| 12 12|12 1/4| 1/4 172
35| VA | 12| 12 12| 1/4 ]| 1/4 | 1/4 172
40 | 14 | 12|12 (12 | 1/4 | 1/4 | 0 172

Figure 5 — Membership function ug;

Stage 4: Corresponding equation for decision membership function will be
#p, = maxq, {minuc (Cs,), ue(pr + Cs, — a1)]}

TABLE VIII - STAGE 4

Cs, Mg (x4

Py 55 | 60 | 65 | 70 | 75 80 85

10 0 0 0 0 0 0 1/4 1/4
15 0 0 0 0 0 1/4 | 1/4 1/4
20 | 1/4 | 12 | 3/4 | 3/4 1 1 1 1

25 | 14 12 | 3/4 ) 12 12| 12 | 1/4 3/4
30 | 14121217212 1/4 | 1/4 12
35 |14 1212|1214 1/4 | 1/4 12
40 | 14 | 12 (12 12| 14| 1/4 0 12

1376



as k-

a8 o 40 ] a e

Figure 6. Membership function pg,

II. CONCLUSION

The idea is to develop an entropy cost function that is added to the classical inventory cost (order, holding cost).
Entropy costs are intended to capture the hidden costs of inventory systems. The result showed that accounting
for entropy cost recommends ordering in larger lots as larger lots are cheaper to control. The results also showed
that accounting for entropy cost is more relevant when the items are expensive or the system suffers from
disturbance due to high percentage of imperfect quality items. In this work, a new approach to inventory control
is shown. The method described uses fuzzy dynamic programming, which has been proved as a powerful tool for
optimization when non deterministic information exists. The complex problem can be subdivided into smaller
problems and the state spaces were reduced by the introduction of a bound on the basis of heuristic
considerations. Using a transformation function, upper and lower bounds for the state variables are found on the
several intermediate stages and final solutions are found by fuzzy inference. Further work can be performed by
introducing new variables such as non crisp demand.
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