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Abstract— In relation to vertex i of a signed graph ડ, let d  be the degree of any vertex, ࣋૚ be the 
least eigen value of  Normalized Laplacian matrix of signed graph  ࣋૚ and ࢏ࢀା indicates the 
number of positive (balanced) triangles passing through ࢏ respectively. We prove that if  ડ  be a 
complete signed graph then 		࣋૚ ≥ ܖܑܕ ቄ૝࢏ࢀ

శ

૛ࢊ
− 	૚ቅ.  

 
Index Terms— Mathematics Subject Classification: 05C22, 05C50, 15A18, signed graphs, 
marked graphs, balance, Switching. 

I. INTRODUCTION 

Your goal is to simulate the usual appearance of papers in a Conference Proceedings or Journal Publications. We 
are requesting that you follow these guidelines as closely as possible. 
 Readers should see [5] for graph theory phrases and notations since only simple and finite graphs are taken into 
account in this article. 
We forego going into specifics of signed graph Γ(ܩ	ߪ,) where G is the graph without sign and ߪ  is the mapping 
between set of edges and the set {+, −} and a list of previous findings in this paper in favor of presenting our 
contribution we refer to [6],[7],[14] for those who require a more thorough strategy.  
The vertices degree of 	Γ(ܩ	,  and G are same because each vertex’s degree can be determined using the (ߪ
formula  

݀ = ݀ା + ݀ି. 
If two vertices are adjacent each other, the entry ܽ௜௝ 	in the adjacent matrix A(Γ) is 1 along with the edge’s sign; 
if they are not, the entry is 0 and Laplacian of a signed graph Γ is the matrix ܯ = ܫ −  ଵ/ଶܭ(Γ)ܣଵ/ଶିܭ

A. Normalized Laplacian Matrix of signed graph 
The Normalized Laplacian matrix was first introduced by F.R.K. Chung [16]. Grossman researched the lower 
bounds of the Normalized Laplacian, and Chen et al. described its features in their papers [10] and [3]. 
Normalized LaplacianMatrix of a graph with sign Γ	 having vertices p and q, is given by 
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௣௤ܮ =

⎩
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⎧
1, ݌	݂݅ = ௣݀	݀݊ܽ	ݍ 	≠ 0

(ݍ݌)ߪ−
1

ඥ݀௣݀௤
	 , ݐ݆݊݁ܿܽ݀ܽ	݁ݎܽ	ݍ	݀݊ܽ	݌	݂݅

.݁ݏ݅ݓݎℎ݁ݐ݋															0

 

 
Eigen values of  Normalized Laplacian matrix of Γ , with n vertices be  0 ≤ ଵ݌ ≤ ଶ݌ ≤ ଷ݌ … … … … .  .௡ିଵ݌
Also ܮ = ܫ −  .is diagonal Matrix ܭ ଵ/ଶ whereିܭ(Γ)ܯଵ/ଶିܭ

B. Notation 
We denote the degree of a vertex  ݌ ∈  by ݀௣, ݀௣ାand ݀௣ି    are the edges with positive and negative signs (Γ)ݒ
incident with p respectively. ݌ ~	q follows ݌ and q are adjacent. 
~݌ respectively)	ݍ	ା~	݌		

 represents the positive (resp. negative) edge between the vertices p and q and the value (ݍି
݉௣ denotes the average degree of  ݌’s neighbours. For the (possibly distinct) vertices ݌ and q, ݈௣௤ 	is the notation 
to represent the number of their neighbours in common (i.e., those connected to both of them by any edge), ݈௣௤ା  
stands for the quantity of neighbours that are connected to ݌ by a positive edge and to q by any edge, and the 
number of neighbours that share a positive edge with both of them is ݈௣௤ାା .  
The writings of the remaining ones are all identical. 
As we are aware,  ܮ =  .is invertible ܭ ଵ/ଶ   Whereିܭ		ܮ	ଵ/ଶିܭ

If eigen value 1  corresponds to eigen function h of  L, then  h K =t 1/2 , 
ଵ/ଶ ௝ܭ=௝ݐ        
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Where pd  represents the degree of the vertex .p  
For a vertex  q  


qpp

phqp
d

qh
 ~

1 )(),(1)()1(   

Where,   p ~	ݍ  means p and  q vertices are adjacent.  Let 1,2,1 ....... mppp   be 

adjacent vertices sequence.  For convenience set    )1( 1 . 

II. RESULTS 

Proposition 1.  For any signed graph  ,),( G  
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Proof.  Let x be an eigenvector with respect to 1  and ix  , the biggest coordinate 

in modulus. We can assume that 1ix without compromising generality. 
 
 
We have 
            (1 ௜ݔ(ଵߩ− = ଵ
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௜݀ߛ = ෍ݔ௨ +෍ݔ௨ +  ෍ݔ௨ −෍ݔ௨ −
௨∼ష௜
௨≁௝

෍ݔ௨ −෍ݔ௨ 
௨∼ష௜
௨∼శ௝

 
௨∼ష௜
௨∼ష௝

	       (1) 
௨∼శ௜
௨∼ష௝

௨∼శ௜
௨∼శ௝

 
௨∼శ௝
௨≁௜

 

 
Let jx  be another coordinate, 
 

ݔߛ j ݀௜ = ෍ݔ௨ + ෍ݔ௨ +  ෍ݔ௨ −෍ݔ௨ −
௨∼ష௝
௨≁௜

෍ݔ௨ −෍ݔ௨ 
௨∼ష௝
௨∼శ௝

 
௨∼ష௝
௨∼ష௜

	       (2) 
௨∼శ௝
௨∼ష௜

௨∼శ௝
௨∼శ௜

 
௨∼శ௝
௨≁௜

 

 
By summing (1) and (2) we get 
 

௜݀ߛ + ݔߛ j ݀௝ = ෍ݔ௨	 + ෍ݔ௨	– 	 ෍ 	௨ݔ −෍ݔ௨	 + 2
௨∼ష௝
௨≁௜

෍ݔ௨	 − 2෍ݔ௨	
௨	∼ష௜
௨	∼ష௝

	
௨	∼శ	௜
௨	∼	శ௝

								
௨	∼ష	௜
௨	≁௝

௨∼శ௝
௨≁௜

	
௨	∼శ	௜
௨≁௝

 

 
 
 
 
൫݀௜ߛ + ௝݀ݔ௝൯ ≤ (݀௜ା − ݈௜௝ା ) +( ௝݀

ା − ݈௜௝ା)+ ൫݀௜ି − ݈௜௝ି൯ + ൫ ௝݀
ି − ݈௜௝ି൯ + 2݈௜௝ାା + 2݈௜௝ିି 

 
 

൫݀௜ߛ + ௝݀ݔ௝൯ ≤ ݀௜ + ௝݀ − 2݈௜௝ାି − 2݈௜௝ି	ା 
               When summed up holistically as ݆	~ି	݅ 

௜݀௜ି݀)ߛ + ෍ ௝݀ݔ௝	) ≤ ݀௜݀௜ି + ෍ ௝݀
௝~ష௜௝~ష௜

− 2෍ ௜ܶ௝ 		
ା 																			(3)

௝~ష௜

 

Similarly (1) - (2) gives , 
௜݀ߛ − ݔߛ j ݀௜ = ෍ݔ௨	 −෍ݔ௨	 − 	෍ݔ௨	 + ෍ݔ௨	 + 2

௨∼ష௝
௨≁௜

෍ݔ௨	 − 2෍ݔ௨	
௨∼ష௜
௨∼శ௝

	
௨∼శ௜
௨∼ష௝

									
௨~శ௝
௨≁௜

௨∼ష௜
௨≁௝

	
௨∼శ௜
௨≁௝

 

 
൫݀௜ߛ − ௝݀ݔ௝൯ ≤ (݀௜ା − ݈௜௝ା ) +(݀௜ି − ݈௜௝ି)+ ൫ ௝݀

ା − ௝݈௜
ା൯ + ൫ ௝݀

ି − ௝݈௜
ି൯ + 2݈௜௝ାି + 2݈௜௝ି	ା. 

 
 
൫݀௜ߛ − ௝݀ݔ௝൯ ≤ ݀௜ + ௝݀ − 2݈௜௝ାା − 2݈௜௝ି	ି . 
When summed up holistically as ݆	~		ା ݅ 
 

௜݀௜ା݀)ߛ −෍ ௝݀ݔ௝	) ≤ ݀௜݀௜ା + ෍ ௝݀
௝~శ௜௝~శ௜

− 2෍ ௜ܶ௝ 		
ା 																			(4)

௝~శ௜

 

(3) + (4) implies, 
 

ߛ ቌ݀௜ଶ −෍ߪ(݅	, ݆) ௝݀ݔ௝
௝~௜

ቍ ≤ ݀௜ଶ + ෍ߪ(݅	, ݆) ௝݀ − 4෍ ௜ܶ௝
ା

௝~௜௝~௜

 

ߛ ቌ݀௜ଶ −෍ߪ(݅	, ݆)
௝~௜

௝݀ݔ௝ቍ ≤ ݀௜ଶ + ݀௜݉௜ − 4 ௜ܶ
ା 
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ߛ ≤
݀௜ଶ + ݀௜݉௜ − 4 ௜ܶ

ା

݀௜ଶ − 
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Corollary 2. Let Γ be a complete signed graph then  

ଵߩ																																																										 ≥ min ቄସ ೔்
శ

ௗమ
− 	1ቅ .																																																																											(5)             

Proof. Since, Γ is a complete signed graph, 
෍σ(i, ݆)
௝~௜

௝ ௝݀ݔ = ݀௜෍ σ(݅	,  ௝ݔ(݆
௝~௜

																																							(6) 

෍σ(݅, ݆)
௃~௜

௝ݔ ௝݀ = ෍ݔ௝ + ෍ݔ௝ +  ෍ݔ௝ −෍ݔ௝ −
௝∼ష௜
௝≁௞

෍ݔ௝ −෍ݔ௝ 
௝∼ష௜
௝∼శ௞

 
௝∼ష௜
௝∼ష௞

	       
௝∼శ௜
௝∼ష௞

௝∼శ௜
௨∼శ௞

 
௝∼శ௜
௝≁௞

 

 
 
                        ≤ (݀௜ା − ݈௜௞ା ) +݈௜௞ାା + ݈௜௞ିି+ (݀௞ି − ݈௞௜ି ) + 2݈௜௞ାି + 2݈௜௞ିା 
                       ≤ (݀	௜ − ݈௜௞)   
         

																			−݀௜
ij

jxji
 ~

),( ≥ −݀௜ଶ + ݀	௜݈௜௞.   

 
From (6) 

																			
ij

jxji
 ~

),( ௝݀ ≥ −݀௜ଶ + ݀	௜݈௜௞. 

From Proposition  1 
 

ଵߩ ≥
4 ௜ܶ

ା − ݀௜݉௜ − d୧ଶ + ݀	௜݈௜௞	
݀௜ଶ − d୧ଶ + ݀	௜݈௜௞

 

                                             Since ݈௜௞ = ݀	௜ 
݀௜݉௜ = ݀௜ଶ 

                             

ଵߩ ≥
4 ௜ܶ

ା	
݀௜ଶ

− 	1 

Taking the minimum over all vertices, we arrive at (5). 

III. CONCLUSIONS 

In this paper we have given an elegant proof of a new upper bound of Normalized signed graph and we believe 
that this new approach will pave way for further research in this area. 
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