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Abstract— In relation to vertex i of a signed graph T, let d be the degree of any vertex, p, be the
least eigen value of Normalized Laplacian matrix of signed graph p, and T} indicates the
number of positive (balanced) triangles passing through i respectively. We prove that if T be a

complete signed graph then p; > min {4‘5 — 1},
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|. INTRODUCTION

Your goal is to simulate the usual appearance of papers in a Conference Proceedings or Journal Publications. We
are requesting that you follow these guidelines as closely as possible.
Readers should see [5] for graph theory phrases and notations since only simple and finite graphs are taken into
account in this article.
We forego going into specifics of signed graph I'(G , @) where G is the graph without sign and ¢ is the mapping
between set of edges and the set {+, —} and a list of previous findings in this paper in favor of presenting our
contribution we refer to [6],[7],[14] for those who require a more thorough strategy.
The vertices degree of I'(G,0) and G are same because each vertex’s degree can be determined using the
formula

d=dt+d .
If two vertices are adjacent each other, the entry a;; in the adjacent matrix A(T) is 1 along with the edge’s sign;
if they are not, the entry is 0 and Laplacian of a signed graph I" is the matrix M = [ — K~1/2A(I")K1/2

A. Normalized Laplacian Matrix of signed graph

The Normalized Laplacian matrix was first introduced by F.R.K. Chung [16]. Grossman researched the lower
bounds of the Normalized Laplacian, and Chen et al. described its features in their papers [10] and [3].
Normalized LaplacianMatrix of a graph with sign I' having vertices p and g, is given by
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( 1, ifp=qandd, #0

1
qu = i_o-(pq) \/W
p7q

0 otherwise.

,if p and q are adjacent

Eigen values of Normalized Laplacian matrix of I, with n verticesbe 0 < p; < p, <Pz ... oo oo Ppq.
Also L =1 — K~Y2M(I")K~1/2 where K is diagonal Matrix.

B. Notation

We denote the degree of a vertex p € v(I') by d,,, djand d;;  are the edges with positive and negative signs
incident with p respectively. p ~ q follows p and q are adjacent.

p T q (respectively p-q) represents the positive (resp. negative) edge between the vertices p and q and the value
m,, denotes the average degree of p’s neighbours. For the (possibly distinct) vertices p and q, L4 is the notation
to represent the number of their neighbours in common (i.e., those connected to both of them by any edge), L},
stands for the quantity of neighbours that are connected to p by a positive edge and to q by any edge, and the
number of neighbours that share a positive edge with both of them is L .

The writings of the remaining ones are all identical.
As we are aware, L = K12 [, K~12 \Nhere K is invertible.

If eigen value o, corresponds to eigen function h of L, then t= K¥h,
t-:KI/Z
J

2 (h(p)~o(p.a)h(a))®
p, =inf th(p)dp

Where d p represents the degree of the vertex .

For a vertex Q

1
(- p)h(@) =— D a(p,q)h(p)
dy
Where, p~q means p and (] vertices are adjacent. Let P, P, ....... P be

adjacent vertices sequence. For convenience set (1—p,) =7

1. RESULTS

Proposition 1. For any signed graph T'(G ,o)
AT —dm = o (i, j)d;x,
j~i

dZ=>o(i,j)d x,
j~i

P2

Proof. Let x be an eigenvector with respect to p, and X; , the biggest coordinate

in modulus. We can assume that X; = Lwithout compromising generality.

We have
A-px; = dii= ZO‘(U )X,
u~i

yxdi= ZO'(U )X,
u~i
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e T T TaFa-Tu o

i i
u+l, u+j uz j u+j Zj u+j

Let X i be another coordinate,

yxjdizzxu_"zxu_" qu qu qu Xy (2)
utj utj

utj uzj
utj

u+*i uti uZi :
By summing (1) and (2) we get

ydi+yxjdj—2xu+2xu qu qu+22xu—2 xu
u+l. * u+l.

u
u j u

—

u+j

v(di + dixg) < (df = 1) +(df = 1)+ (di = 1) + (df = ;) + 213+ + 2057

y(d; +dix;) < d; +d; —2lf =215+

When summed up holistically as j Z i
y(did; + Z dix;) < dgdi + Z dj — ZZTJ 3
jzi jzi jzi
Similarly (1) - (2) gives,
di—yx;d;i= ) x, —qu— qu+2xu+22xu—22xu
uti uZi utj uzj uti uZi
u+j u~j u~+i u+i uzj utj

y(di = dixy) < (df = 1) +(di = )+ (& = G) + (d = L) + 205 + 215

y(d; — djx;) < d; +d; — 21 — 2157
When summed up holistically as j *

y(ddf = Y dx) Sddi + ) d—2 ) T @
i i i

(3) + (4) implies,

vl d? —Z o(i j)djx; | < df +Z o(i . j)d; — 42”
j~i j~i

=i

v @2 =) ol Ddp | <d?+dm, - 417
=i
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dLZ + dimi - 4Ti+

-~ Za(i,j)djxj
j~i
4Ti+—dimi—ZO'(i y J)dJXJ
j~i
dg-Zo-(i ,1)d X,
j~i

Corollary 2. Let I be a complete signed graph then

. (4Tt
p1 = mln{d; } ®
Proof. Since, I' is a complete signed graph,
Z o(i,j)x; d; = d; Z o(i ,j)x; (6)

LRI IED WIS N 3
JjZi
+ j+k jTk

J~i i i

P12

jZi
J+k ut k Jj jk

< (@f — 1) +5F + I+ (dy — Igy) + 215 + 2157
S(d'_ltk)

From (6)
Do, )X dj = —d? +d .
j~i

From Proposition 1

AT —dym; — df +d 1y
P di —df +d il
Since [;;, =d ;

v

d;m; = d?

AT
p1= @z 1
Taking the minimum over all vertices, we arrive at (5).

I11. CONCLUSIONS

In this paper we have given an elegant proof of a new upper bound of Normalized signed graph and we believe
that this new approach will pave way for further research in this area.
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