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Abstract— We show that the Jameson-Schneider’s theorem for arithmetic functions implies the
Apostol theorem, which allows to obtain recurrence relations for several functions of interest in
number theory.
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|. INTRODUCTION

Jameson-Schneider [1] proved the following result for any sequence {s(n)}:

q d% e, a-qvysm

Gy ? (Ziin s(d) d) q™, (1)

which in Section 2 allows us to deduce a Theorem of Apostol [2, 3] for arithmetic functions [4]. In Section 3, we
show that equation (1) implies the recurrence relations obtained in [S] for 7;(n), the number of representations of
n as a sum of j squares , for t, (n), the number of representations of n as a sum of k triangular numbers [6, 7],
and also for p, (n), the number of color partitions of n [8-10].

I1. APOSTOL THEOREM
If the property .
(=g ™ =32,R(q), R(O)=1, @)
holds, then equation (1) impliesthat
neo NR(M) " = =23, c(M) q",  c(n) = X7, Xgjs(d) d) R(n — ),
thatis
nR(n)=—c(n) =-Xm, (Xs;s(d)d)R(n —)). ©)
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Then, for the case s(n) = % f(n) , where f(n) is an arithmetic function, the expressions (2) and (3) reproduce

the Apostol theorem [2, 3]:
If

[Ja-m™ =Y rpa. RO =1,
n=1 j=0

then

nR(n) = - X7, (T4, f () R(n — ). (4)

I11. APPLICATIONS OF (2) AND (3)
a) If (n) = k (—=1)", then from (2),

n _2n 1k .
M, (- g™ =T, [em] =25, 6D, 60 =1,

1 - q2n-1

Thus equation (3) gives the following recurrence relation [5]:

nt () = —k Xj_; (Zg,(-1)* d) ty (n — ). (%)

b) If (n) = k, then from (2), ‘
1 (L= g™ = 2?:0 (D q’.

Hence equation (3) implies the recurrence property [5, 11, 12]:
npe(n) = =k Xj_; a() p(n =), (6)

involving the sum of divisors function [2, 4]. For the case k = 24, the expression (6) generates a recurrence
relation for the Ramanujan’s tau-function [13, 14]:

nt(n+1) =-24 37, o()t(n+1-j), )
whose solution can be expressed in terms of complete Bell polynomials [15, 16]:

t(n+1) = — B,(-24-0!-0(1),—24- 1! - 6(2), 242! - 6(3),...,.—24- (n— ! - c(n)), n=0. (8

c) If s(n) =§ (3= (=1)™), then from (2):

k n . .
R DS | Y (R LD LY (R RO LD I CEVEX (O I ©)
Thus, equation (3) gives the recurrence relation [5]:

..... 1

nne(n) = =2k 27y (~1) j (S ay 5) e = ), (10)
where it was used the identity

Sy s d =7 25,3~ (1)) d =2k j Zihaay ;- (12)

Remark 1: In [5], the following expression can be found:
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1—q"k

T = 2o G () @ (12)
whose comparison with equation (9) implies the connection

o 1-q" =2, 1- an—l)Z - an)’ (13)

n=17 gn
which is valid because it is equivalent to the following known identity [17]:
(@4 (090 = 1. (14)
Remark 2: For k = —1, the result (6) implies the recurrence relation for the partition function [18]:
npm) =X, a(j) p(n —)), (15)

and for k=1, equation (6) gives the recurrence relation deduced by Robbins [19] and Osler-Hassen-
Chandrupatla [20]:

na, ==Y, 0()a,_;, a =1 0(0)=0 n=1, (16)
where
0, j#=@m+1),
a = m=0, 1, £2,.. (17)
D™ j=Z@m+1),
that is

1, j=0,57,22,26,51,57,92,100,145,6155, ...
a; =4-1, j=1,2,12,15,35,40,70,77,117,126, 176, ... (18)
0, otherwise

d) If s(n) = 2[1 - (=], then equation (2) generates the following property (see [17]):
2

1-(-1)"

me1(L—q™) 2 = [o (A= q*1) = Xio (=1)"q" pop(n), (19)

where p,p(n) is the number of partitions of the integer n into parts which are both odd and distinct. Hence
equation (3) implies the following Robbin’s recurrence relation [19]:

npop(n) = — 2?:1 (-1)/ (Zodd dlj d) Pop(n — ). (20)

e) If s(n) = # then from equation (2) (See [17])

-n"-1

e1(l=q") 7 = [ @ —g* )™ = X0, 4" pp(n), (21)

where p,(n) is the number of partitions of the integer n with only distinct parts. Then, equation (3) gives the
recurrence relation [19, 22]:

npp() =3, (Zshaay d) po(n— ). (22)

Then, we have the Euler’s result p, (n) = p,(n), the number of partitions of the integer n employing only odd
parts (See [17]).
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