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Abstract—The present research article deals with two-dimensional deformation in a micro-
ellongated functionally graded layer of finite thickness 2p which is immersed in an infinite non-
viscous fluid. A mechanical force of magnitude P is applied along the interface of two medium. 
The mechanical properties of functionally graded medium are taken to be in x direction. The 
analytical expressions for displacement, temperature, micro-elongation, stresses are obtained by 
using normal mode technique.  
 
Index Terms— Micro-elongation, Infinite Fluid, Functionally graded, Normal mode analysis. 

I. INTRODUCTION 

To study the drawback of uncoupled theory of thermo-elasticity that the elastic deformation has no effect on 
temperature, Biot [1] developed the coupled theory of thermo-elasticity. In order to modify the uncoupled and 
coupled theory of thermo-elasticity, different researchers gave different theories of thermo-elasticity. The 
shortcomings of classical theory were removed by Eringen and Suhubi [2, 3] by modifying it into “Non linear 
theory of micro-elastic solids”. Later on, it was found that any micropolar thermoelastic material experiences 
macro deformation and micro rotation which was defined by Eringen [4, 5, 6] and named this theory as “linear 
theory of micro-polar elasticity”. Further Eringen [7] developed a theory named micropolar elastic solid with 
stretch in which he comprised axial stretch. Thermal effects in micro-polar theory were defined by different 
researcher [8, 9, 10]. The first theory of thermo-elasticity was generalized thermoelasticity and the second theory 
is temperature rate dependent theory which was given by Lord-Shulman [11]. Muller [12] defined an entropy 
production inequality in thermodynamics of thermo-elastic solids that helped him in considering the restriction 
on a class of constitutive equations. The generalized version of this inequality was presented by Green and Laws 
[13]. Another type of these constitutive equations was attained by Green and Lindsay [14]. The constitutive 
equations that contains two relaxation time constants was presented independently and explicitly by Suhubi [15]. 
The study of thermal and mechanical sources in generalised thermo-elastic half space was done by Sharma and 
Chauhan  [16]. Sharma et. al. [17] investigated the steady-state response of an applied load moving with constant  
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speed for infinite long time over the top surface of a homogeneous thermoelastic layer lying over an infinite half-
space. A problem on laser pulse heating in thermo-elastic micro-elongated layer which is immersed in an infinite 
fluid was discussed by Ailawalia et. al. [21]. The study of wave propagation in thermo-elastic half space was 
done by Ailawalia and Sharma [22].  
Functionally graded materials [23, 24, 25] which regulates the thermal variation was developed in Japan 1984 
using powder metallurgy which makes FGM a significant thermal barrier. The thermo-mechanical analysis of 
FG cylinders and plates studied by Reddy and Chin [26]. Sankar and Tzeng [27] studied the thermal stresses in 
functionally graded beams. Abbas and Zenkour [28] studied the LS model on electro-magneto-thermoelastic 
response of an infinite functionally graded cylinder. Ghunghas et. al. [29] studied the influence of rotation and 
magnetic fields on a functionally graded thermoelastic solid. Kalkal et al.[30] discussed the two dimensional 
magneto thermoelastic interactions in a micropolar functionally graded solid. Hygro-thermoelastic nonlinear 
analysis of functionally graded porous composite thin and moderately thick shallow panels was discussed by 
Pajand and Masoodi [31]. The analysis of two dimensional functionally graded thermo-elastic solid was done by 
Sharma and Ailawalia [32]. 
In the present study, by taking micro-elongation effect and non-homogeneous medium, we developed a model 
for thermoelastic micro-elongated functionally graded layer of thickness 2p with an overlying infinite non-
viscous fluid. A force of magnitude P is applied along the interface of two medium. The mechanical properties 
of FGM are taken to be in x direction. The expressions for displacement, stresses, temperature and micro-
elongation are obtained by using normal mode technique. 

II. BASIC EQUATIONS 

The field equation of motion for a non-homogeneous, isotropic, micro-elongated, thermo-elastic solids in the 
absence of body forces are given by Shaw and Mukhopadhyay [19]:  
߬௞௟ = ௥,௥ݑ௞௟ߜߣ + ௞,௟ݑ൫ߤ + ௟,௞൯ݑ − ଴ߚ ቀ1 + ଶ௞ߜଵݐ

డ
డ௧
ቁܶߜ௞௟ +  ௞௟߶,     (1)ߜ଴ߣ

݉௞ = ܽ଴߶,௞ ,           (2) 
ݏ − ߬ = ௞,௞ݑ଴ߣ − ଵߚ ቀ1 + ଶ௞ߜଵݐ

డ
డ௧
ቁܶ −  ଵ߶,       (3)ߣ

௞,ݍ = ௄∗்,ೖ

బ்
,           (4) 

According to [33, 34, 35] the field equation of motion for the displacement, microelongation and temperature 
and equation of heat conduction changes are: 

ߣ) + ௝ݑ(ߤ ,௜௝ + ௝,௜௝ݑߤ − ଴ߚ ቀ1 + ଶ௞ߜଵݐ
డ
డ௧
ቁ ,ܶ௜ + ଴߶,௜ߣ = ௜ݑ̈ߩ ,      (5) 

ܽ଴߶,௜௜ + ଵߚ ቀ1 + ଶ௞ߜଵݐ
డ
డ௧
ቁܶ − −߶ଵߣ ௝,௝ݑ଴ߣ = ଵ

ଶ
 ଴߶̈      (6)݆ߩ

∗ܭ
,ܶ௜௜ − ∗ܥߩ ቀ1 + ଵ௞ߜ଴ݐ

డ
డ௧
ቁ ܶ̇ − ଴ߚ ଴ܶ ቀ1 + ଵ௞ߜ଴ݐ

డ
డ௧
ቁ ௞,௞ݑ̇ − ଵߚ ଴ܶ߶̈ = 0.    (7) 

where β0 = (3λ+2μ) ߙ௧భ,  β1 = (3λ+2μ) ߙ௧మ, 
a0, λ0, λ1 - micro-elongation constant, K* - thermal conductivity, ߙ௧భ, ߙ௧మ- linear thermal expansion coefficient, 
T- temperature, T0-reference temperature, C* - specific heat at constant strain,  ϕ - micro elongation scalar, j0 - 
micro inertia, t0, t1 - thermal relaxation times, ρ - density of the micro elongated medium, ui - displacement 
vector, σkl - stress tensor micro-elongational, mk - the component of microstretch vector, s - component of stress 
tensor,  ݍ௞ denotes heat flux. 
The equation of motion in a non-viscous fluid is given by Ewing et. al. [36] 
௝,௜௝ݑிߣ

ி = ௜ிݑி̈ߩ ,           (8) 
The relation of stress and displacement is given as 
௜௝ிݐ = ௥,௥ݑிߣ

ி  ௜௝           (9)ߜ
Where ߣி denoted the fluid constant and  ߩி denoted the density of fluid. 

III. FORMULATION OF THE PROBLEM  

Here, we consider a rectangular cartesian co-ordinate system (x, y, z) with x axis pointing vertically downward. 
A functionally graded isotropic thermoelastic micro-elongated layer of finite thickness 2p occupying the region 
−p ≤ x ≤ p (medium I) having a displacement vector ݑሬ⃗  given by ݑሬ⃗ = ,ݒ,ݑ) 0)  where, u = (x, y, t), v = (x, y, t) 
and a displacement vector ݑிሬሬሬሬ⃗  with component ݑிሬሬሬሬ⃗ = ிݑ) , ிݒ , 0) for infinite non-viscous fluid (medium II) is 
considered.  
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Here we restricted our present study to x − y plane. Therefore, all the field quantities will not depend on the 
space variable z. 
Due to the effect of functionally graded solid, the parameters are no longer constant but they depend on space 
variables. Here β1, β0, K*, ρ, λ1, λ0, a0, λ, ߤ are replaced by β10 ߰(ܺ), β00 ߰(ܺ), K0* ߰(ܺ), ρ0 ߰(ܺ), λ10 ߰(ܺ), 
λ00 ߰(ܺ), a00 ߰(ܺ), λ0 ߰(ܺ), ߤ଴߰(ܺ) respectively, where β10 , β00, K0*, ρ0, λ10, λ00, a00, λ0,  ߤ଴ are constants. 
ψ(X)is a given dimensionless function of space variable X = (x, y, z). We suppose that the properties of the 
medium depends on x coordinate only, hence ߰(ܺ) will be further expressed as ߰(ܺ). 

 
Therefore field equation (5)–(7) becomes: 
߰(ܺ) ቂ(ߣ଴ + (଴ߤ2 డ

మ௨
డ௫మ

+ ଴ߣ) + ଴ቁߤ
డమ௩
డ௫డ௬

+ ଴ߤ
డమ௨
డ௬మ

− ଴଴ߚ ቀ1 + ଶ௞ߜଵݐ
డ
డ௧
ቁ డ்
డ௫

+ ଴଴ߣ
డథ
డ௫

] + డ
డ௫
଴ߣ)](ܺ)߰ + (଴ߤ2 డ௨

డ௫
+

଴ߣ
డ௩
డ௬
− ଴଴ߚ ቀ1 + ଶ௞ߜଵݐ

డ
డ௧
ቁܶ + ߶଴଴ߣ = (ݔ)଴݂ߩ డమ௨

డ௧మ
,       (10) 

(ܺ)଴߰ߤ ቀ డమ௨
డ௫డ௬

+ డమ௩
డ௫మ

ቁ+ ଴ߤ
డ
డ௫
߰(ܺ) ቀ డ௨

డ௫
+ డ௩

డ௬
ቁ+ ଴ߣ)(ܺ)߰

డమ௨
డ௫డ௬

+ ଴ߣ) + (଴ߤ2 డమ௩
డ௬మ

− ଴଴ߚ ቀ1 + ଶ௞ߜଵݐ
డ
డ௧
ቁ డ்
డ௬

+

଴଴ߣ
డథ
డ௬

= (ݔ)଴݂ߩ డమ௩
డ௧మ

,          (11) 

ܽ଴଴ ቂ߰(ܺ)∇ଶ߶ + డ
డ௫
߰(ܺ) డథ

డ௫
ቃ+ (ݔ)ଵ଴݂ߚ(ܺ)߰ ቀ1 + ଶ௞ߜଵݐ

డ
డ௧
ቁT − ߶(ܺ)ଵ଴߰ߣ − (ܺ)଴଴߰ߣ ቀ డ௨

డ௫
+ డ௩

డ௬
ቁ =

ଵ
ଶ
(ܺ)଴߰ߩ డ

మథ
డ௧మ

,           (12) 

∗଴ܭ ቂ߰(ܺ)∇ଶܶ + డ
డ௫
߰(ܺ) డ்

డ௫
ቃ − ∗ܥ(ܺ)଴߰ߩ ቀ1 + ଵ௞ߜ଴ݐ

డ
డ௧
ቁ డ்
డ௧
− (ܺ)଴଴߰ߚ ଴ܶ ቀ1 + ଵ௞ߜ଴ݐ

డ
డ௧
ቁ ቀ డ௨

డ௫
+ డ௩

డ௬
ቁ −

(ܺ)ଵ଴߰ߚ ଴ܶ
డథ
డ௧

= 0,          (13) 
The stress components are as, 
߬௫௫ = ߰(ܺ) ቂ(ߣ଴ + (଴ߤ2 డ௨

డ௫
+ ଴ߣ

డ௩
డ௬
− ଴଴ߚ ቀ1 + ଶ௞ߜଵݐ

డ
డ௧
ቁܶ +   ଴଴߶ቃ,     (14)ߣ

߬௬௬ = ߰(ܺ) ቂߣ଴
డ௨
డ௫

+ ଴ߣ) + (଴ߤ2 డ௩
డ௬
− ଴଴ߚ ቀ1 + ଶ௞ߜଵݐ

డ
డ௧
ቁܶ +  ଴଴߶ቃ,      (15)ߣ

߬௫௬ (ܺ)଴߰ߤ = ቀ డ௨భ
డ௫

+ డ௨మ
డ௬
ቁ.         (16) 

IV. EXPONENTIAL VARIATION OF NON-HOMOGENEITY 

It is assumed that ߰(ܺ) = ݁ି௡௫, where n is a dimensionless parameter, it can be concluded that material having 
mechanical as well as thermal properties alter exponentially along the x-direction. 
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The governing equation (10) – (13) and the stress equations (14) – (16) can be changed in the non-dimensional 
form by introducing the dimensionless 
parameters:  
ᇱݔ = ఠ∗

௖భ
,ݔ ᇱݕ = ఠ∗

௖భ
,ݕ ଴ᇱݐ = ,଴ݐ∗߱ ܶᇱ = ் 

బ்
, ᇱݐ = ,ݐ∗߱ ௜ᇱݑ = ఠ∗ఘబ௖భ

ఉబబ బ்
௜ݑ ,߶ᇱ = ఒబబ

ఉబబ బ்
߶, ௜௝ᇱߪ =

ఙ೔ೕ
ఉబబ బ்

   
                                                                                 
where, 
          ߱∗=ఘబ௖భ

మ஼∗

௄∗
 ܿଵଶ = ఒబାଶఓబ

ఘబ
     

Using the above mentioned dimensionless parameters in equations (10)-(16), after dropping subscript we get:  

[డ
మ௨

డ௫మ
+ ݈ଶ

డమ௩
డ௫డ௬

+ ܾ3 
డమ௨
డ௬మ

−(1+t1 ߱∗δ2k
డ
డ௧

)డ்
డ௫

 +డథ
డ௫

] – n [డ௨
డ௫

+ l4
డ௩
డ௬

 – (1+t1 ߱∗δ2k
డ
డ௧

)T + ϕ] =  డ
మ௨
డ௧మ

,   
            (17)
  

[b3
డమ௩
డ௫మ

 + b2 
డమ௨
డ௫డ௬

 + డ
మ௩

డ௬మ
 - (1+t1 ߱∗δ2k

డ
డ௧

)డ்
డ௬

 +డథ
డ௬

] – n b3[
డ௨
డ௫

+ డ௩
డ௬

] =  డ
మ௩
డ௧మ

,     (18) 

[∇2ϕ - nడథ
డ௫

 ] + b5 (1+t1 ߱∗δ2k
డ
డ௧

) T – b6ϕ – b7 (
డ௨
డ௫

 +  డ௩
డ௬

) = b8
డమథ
డ௧మ

,      (19) 

[∇2T - nడ்
డ௫

 ] – b9 (1+t0 ߱∗δ1k
డ
డ௧

) డ்
డ௧

 – b10 ( 
డ
డ௧

+t0 ߱∗δ1k
డమ

డ௧మ
)(డ௨
డ௫

 +డ௩
డ௬

) – b11
డథ
డ௧

  = 0 ,   (20)  

  σxx = [డ௨
డ௫

 +b4
డ௩
డ௬

 – (1+t1 ߱∗δ2k
డ
డ௧

)T + ϕ] ݁ି௡௫,       (21) 

σyy = [b4  
డ௨
డ௫

 + డ௩
డ௬

 – (1+t1 ߱∗δ2k
డ
డ௧

)T + ϕ] ݁ି௡௫ ,       (22) 

σxy = l3(
డ௨
డ௬

+డ௩
డ௫

) ݁ି௡௫,          (23) 

where,  
b2 =

ఒబାఓబ
ఘబ௖భమ

,   b3 =
ఓబ
ఘబ௖భమ

,    b4 =
ఒబ
ఘబ௖భమ

,    b5 =
ఉభబఒబబ௖భమ

ఉబబఠ∗మ ,     b6 =
ఒభబ௖భమ

ఠ∗మ ,    b7 =
ఒబబమ

ఘబఠ∗మ,    b8 =
ଵ 
ଶ
ρ0j0ܿଵଶ, 

b9 =
௖∗௖భమ

௄బ∗ఠ∗ ,    b10 =
ఉబబమ బ்

ఘబ௄బ∗ఠ∗మ ,    b11 = ఉభబఉబబ బ்௖భమ

ఒబబ௄బ∗ఠ∗ . 

V. METHOD OF SOLUTION 

To obtain the analytical expressions for displacement, temperature, stresses 
and micro-elongation, normal mode technique is used here. In this method, the solution of the physical variables 
is decomposed in terms of normal mode. 
,߶,ܶ,ݒ,ݑ)    ߬௜௝)(ݔ, ,ݕ (ݐ = ∗௜௝߬,∗߶,∗ܶ,∗ݒ,∗ݑ)  ఠ௧ାఐ௕௬      (24)݁(ݔ)(
where ω specifies complex frequency, b represents as the wave number, and u, v, T*, ϕ*and ߬௜௝∗  are field 
quantities amplitude.  
Using (24) in (17)-(23) equations, we get 

ଶܦ) − ܦ݊ − ݃ଵ)ݑ∗ + −ܦଶܾ)ܾߡ ܾ݊ସ)ݒ∗ − ݃ଶ(ܦ− ݊)ܶ∗ + ܦ) − ݊)߶∗ = 0,    (25)
  

ܦଶܾ)ܾߡ − ܾ݊ଷ)ݑ∗ + (ܾଷܦଶ − ܾ݊ଷܦ− ݃ଷ)ݒ∗ − ݃ଶܾܶߡ∗ + ∗߶ܾߡ = 0,     (26) 

−ܾ଻ݑܦ∗ − ܾ଻ݒܾߡ∗ + ܾହ݃ଶܶ∗ + ଶܦ) − ܦ݊ − ݃ସ)߶∗ = 0,      (27) 

−ܾଵ଴ ଵ݃ହݑܦ∗ − ∗ݒଵ଴݃ହܾܾߡ + ଶܦ) − ܦ݊ − ݃଺)ܶ∗ − ܾଵଵ߱߶∗ = 0,     (28) 

߬௫௫ = ∗ݑܦ + ܾସݒܾߡ∗ − ݃ଶܶ∗ + ߶∗        (29) 

߬௬௬ = ܾସݑܦ∗ + ∗ݒܾߡ − ݃ଶܶ∗ + ߶∗        (30) 

߬௫௬ = ܾଷ(ݑܾߡ∗  (31)          (∗ݒܦ+

where, 
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ܦ = ௗ
ௗ௫

,    ܾଵ = ܾଷܾଶ +߱ଶ,    ܾଵଶ = (1 + ,(∗ଶ௞߱߱ߜଵݐ ܾଷ = ܾଶ + ߱ଶ, ܾସ = ܾଶ + ܾ଺ + ଼ܾ߱ଶ, ݃ହ =
߱(1 + ,(∗ଶ௞߱߱ߜଵݐ ݃଺ = ܾଶ + ܾଽ(1 +    .(∗ଵ௞߱߱ߜ଴ݐ
After eliminating v∗, T∗, ϕ∗ from equations (25)-(28), we get eighth order differential equation for u∗ as: 
଼ܦ) + ݊ ଵܰܦ଻ + ଶܰܦ଺ + ݊ ଷܰܦହ + ସܰܦସ + ݊ ହܰܦଷ + ଺ܰܦଶ + ݊ ଻ܰܦ + (ݔ)∗ݑ(଼ܰ = 0      (32) 
where, 
 ଵܰ =ି(௦మ௦భమା௦భ௦భమି௦భల௕యାଶ௦భఱ௕య)

௕య௕భభன
, 

ଶܰ =ି(௦య௦భమି௡మ௦మ௦భమା௦భ௦మభି௕య௦భళି ଶ௡మ௦భల௕యି௦భఱ௦ర)
௕య௕భభன

, 

ଷܰ =ି(ି௦య௦భమି ௦మ௦మభା௦భ௦మమା௕య௦భఴି ଶ௦భళ௕యା௦భల௦రି௦ఱ௦భఱ)
௕య௕భభன

, 

ସܰ =
ି(ି௦య௦మభି௡మ௦మ௦మమା௦భ௦మమା௕య௦భవି ଶ௡మ௦భఴ௕యା௦భళ௦రା௡మ௦ఱ௦భల)

௕య௕భభன
,  

ହܰ =ି(ି௦య௦మమି ௦మ௦మయା௦భ௦మరା௟య௦మబି ଶ௦భవ௟యା௦భఴ௦రା௦ఱ௦భళ)
௕య௕భభன

 , 

଺ܰ=ି(௦మయି௡మ௦మ௦మరା௦భ௦మఱି ଶ௡మ௦మబ௟యା௦భవ௦రା௡మ௦ఱ௦భఴ)
௕య௕భభன

 , 

଻ܰ =ି(ି௦య௦మరି ௦మఱ௦మା௦మబ௦రା௦ఱ௦భవ)
௕య௕భభன

 , 

଼ܰ =
ି(ି௦య௦మఱା௡మ௦ఱ௦మబ )

௕య௕భభன
, 

And  
ଵݏ = 1 − ܾଶ, ଶݏ = 1− ܾଶ + ܾଷ,   ݏଷ = ݃ଵ + ݊ଶܾଷ,    ݏସ = ܾଶܾଶ − ݃ଷ + ݊ଶܾଷ,   ݏହ = ݃ଷ − ܾଶܾସ,   ݏ଺ = ܾଵ଴݃ହ,

଻ݏ = ܾଵ଴݃ହ݃ସ − ܾ଻ ଵܾଵ߱, ଼ݏ = ݊ଶ − ݃଺ − ݃ସ, ଽݏ = ݃଺ + ݃ସ,
ଵ଴ݏ = ܾହ ଵܾଵ߱݃ଶ + ݃ସ݃଺, ଵଵݏ = ܾଶ ଵܾଵ߱− ܾଵ଴݃ହ, ଵଶݏ = ܾଷ ଵܾଵ߱,
ଵଷݏ =  ܾଶܾଵ଴݃ହ− ݃ଷ ଵܾଵ߱,   ݏଵସ = ݃ଶ ଵܾଵ߱+ ݃଺,   ݏଵହ = ܾଶ ଵܾଵ߱,   ݏଵ଺   = ܾଷ ଵܾଵ߱+ 2ܾଶ ଵܾଵ߱,
ଵ଻ݏ  = ݃ଶ݃ହ ଵܾ଴ܾଵଵ߱ − ܾ଻ ଵܾଵ߱ − 2݊ଶܾଷ ଵܾଵ߱− (݊ଶ − ݃଺ − ݃ସ)ܾଶ ଵܾଵ߱,
ଵ଼ݏ = ଻ݏ− − ଵସݏ଺ݏ + ଼ݏଵଶݏ − , ଵଵݏଽݏ ଵଽݏ = ଵସݏ଻ݏ + ݊ଶݏଽݏଵଶ − ,ଵଵݏଵ଴ݏ ଶ଴ݏ = ,ଵଶݏଵ଴ݏ
ଶଵݏ = ܾଶݏ଺ − ଵଷݏ − 2݊ଶݏଵଶ − ,ଵଶݏ଼ݏ ଶଶݏ = −2ܾଶݏ଺ + ଵଷݏ2 + ଼ݏଵଶݏ − ,ଽݏଵଶݏ
ଶଷݏ = ܾଶݏ଻ + ܾଶ݊ଶݏ଺ − ଵସݏ଺ܾଶݏ − ଵଷݏ଼ݏ + ݊ଶݏଵଶݏଽ −  ଵଶݏଵ଴ݏ

ଶସݏ   , = ܾଶݏ଻ + ܾଶݏ଺ݏଵସ − ଵଽݏଵଷݏ + ଶହݏ   ଵଶݏଵ଴ݏ = ଵସݏ଻ܾଶݏ− − ,ଵଷݏଵ଴ݏ ଶ଺ݏ = ଵଶݏଵݏ− − ,ଵହܾଷݏ
ଶ଻ݏ = ଶݏ)ଵଶݏ + (ଵݏ + ܾଷ(ݏଵ଺ + ଶ଼ݏ   ,(ଵହݏ2
= ଷݏ)ଵଶݏ − ݊ଶݏଶ) + ଶଵݏଵݏ + ܾଷ(ݏଵ଻ − 2݊ଶݏଵ଺)−  ସݏଵହݏ

ଶଽݏ = ଶଶݏଵݏ + ܾଷ(ݏଵଽ − 2݊ଶݏଵ଼)− ଵଶݏଷݏ − ଶଵݏଶݏ + ଵ଺ݏସݏ −  ସݏଵହݏ
ଷ଴ݏ = ଶଶݏଵݏ + ܾଷ(ݏଵଽ − 2݊ଶݏଵ଼)− ଶଵݏଷݏ − ݊ଶݏଶݏଶଶ + ଵ଻ݏସݏ + ݊ଶݏଵ଺ݏହ 

ଷଵݏ  = ଶସݏଵݏ + ଶ଴ܾଷݏ − ଶଶݏଷݏ − ଶଷݏଶݏ − 2ܾଷݏଵଽ + ଵ଼ݏସݏ −  ଵ଻ݏହݏ
ଷଶݏ = ଶହݏଵݏ − ଶଷݏଷݏ − ݊ଶݏଶݏଶସ − 2݊ଶܾଷݏଶ଴ + ଵଽݏସݏ + ݊ଶݏହݏଵ଼ 

ଷଷݏ = ଶ଴ݏସݏ − ଶସݏଷݏ − ଶହݏଶݏ − ଷସݏ   ,ଵଽݏହݏ = ݊ଶݏଶ଴ݏହ −            ଶହݏଷݏ
 The solution of equation (32) which is bounded as ݔ → ∞  is given by 

(ݔ)∗ݑ = ∑ ௜(ܽ,߱)݁ି௞೔௫ܯ +ସ
௜ୀଵ ∑ ௜ܯ

ᇱ(ܽ,߱)݁௞೔௫ ,ସ
௜ୀଵ       (33) 

(ݔ)∗ݒ = ∑ ܴଵ௜ܯ௜(ܽ,߱)݁ି௞೔௫ +ସ
௜ୀଵ ∑ ܴଵ௜ᇱ ௜ܯ

ᇱ(ܽ,߱),ସ
௜ୀଵ       (34) 

(ݔ)∗ܶ = ∑ ܴଶ௜ܯ௜(ܽ,߱)݁ି௞೔௫ +ସ
௜ୀଵ ∑ ܴଶ௜ᇱ ௜ܯ

ᇱ(ܽ,߱)݁௞೔௫ସ
௜ୀଵ ,     (35) 

(ݔ)∗߶ = ∑ ܴଷ௜ܯ௜(ܽ,߱)݁ି௞೔௫ +ସ
௜ୀଵ ∑ ܴଷ௜ᇱ ௜ܯ

ᇱ(ܽ,߱)݁௞೔௫ସ
௜ୀଵ ,     (36) 

where ±݇௜(݅ = 1,2,3,4) are the roots of the equation (32) and ܯ௜(ܽ,߱),ܯ௜
ᇱ(ܽ,߱)  (݅ = 1,2,3,4)  are the 

parameters, depending upon a and ω, 

ܴଵ௜ = ൤ ఐ௕(௦భ௞೔
మା௡௦మ௞೔ି௦య)

(ି௕య௞೔
యିଶ௡௕య௞೔

మି௦ర௞೔ା௡௦ఱ)
൨ ,   ܴଵ௜ᇱ = ൤ ఐ௕(௦భ௞೔

మି௡௦మ௞೔ି௦య)
(௕య௞೔

యିଶ௡௕య௞೔
మା௦ర௞೔ା௡௦ఱ)

൨, 

 

ܴଶ௜ = [ఐ௕(௦భభ௞೔ା௡௦భమ)ିோభ೔൫௦భమ௞೔
మା௡௦భమ௞೔ା௦భయ൯

൫ఐ௕௞೔
మାఐ௕௡௞೔ିఐ௕௦భర൯

],ܴଶ௜ᇱ = [ିఐ௕(௦భభ௞೔ି௡௦భమ)ିோభ೔
ᇲ ൫௦భమ௞೔

మି௡௦భమ௞೔ା௦భయ൯
൫ఐ௕௞೔

మିఐ௕௡௞೔ିఐ௕௦భర൯
],, 
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ܴଷ௜ = ି௕ళ௞೔ା௕ళఐ௕ோభ೔ି௕ఱ௚మோమ೔
(௞೔

మା௡௞೔ି௚ర)
, ܴଷ௜ᇱ = ௕ళ௞೔ା௕ళఐ௕ோభ೔

ᇲ ି௕ఱ௚మோమ೔
ᇲ

(௞೔
మି௡௞೔ି௚ర)

 

Normal mode analysis of the stress components yields the following: 

∗௫௫ߪ = ݁ି௡௫[∑ ௜(ܽ,߱)݁ି௞೔௫ܴସ௜ܯ +ସ
௜ୀଵ ∑ ௜ܯ

ᇱ(ܽ,߱)݁௞೔௫ܴସ௜ᇱ ],ସ
௜ୀଵ      (37) 

∗௫௬ߪ = ݁ି௡௫[∑ ௜(ܽ,߱)݁ି௞೔௫ܴହ௜ܯ +ସ
௜ୀଵ ∑ ௜ܯ

ᇱ(ܽ,߱)݁௞೔௫ܴହ௜ᇱ ],ସ
௜ୀଵ      (38) 

In the same way, the solution for infinite non-viscous fluid medium II are of the form 

(ݔ)∗ிݑ = ହ(ܽ,߱)݁ି௞ఱ௫ܯ + ହܯ
ᇱ(ܽ,߱)݁௞ఱ௫ ,       (39) 

(ݔ)∗ிݒ = ܴ଺ଵܯହ(ܽ,߱)݁ି௞ఱ௫ + ܴ଺ଵᇱ ହܯ
ᇱ(ܽ,߱)݁௞ఱ௫ ,      (40) 

The normal stress component is given by 

߬௫௫ி
(ݔ)∗ = ܴ଻ଵܯହ(ܽ,߱)݁ି௞ఱ௫ + ܴ଻ଵᇱ ହܯ

ᇱ(ܽ,߱)݁௞ఱ௫ ,      (41) 

where ܯହ(ܽ,߱), ହܯ
ᇱ(ܽ,߱)  are the specific functions depending upon a, ω and ݇ହଶ are the roots of the following 

second-degree equation 

ଶܦ) − ݇ହଶ)ݑ௙∗(ݔ) = 0,          (42) 

Where, 

݇ହଶ = ௕భమ௕భయఠమ

௕భయି௕మ
. 

ܾଵଷ = ఘಷ௖భమ

ఒಷ
,  ܾଵଶ =  ܾଶ + ܾଵଶ߱ଶ, 

And  

ܴ଺ଵ = ఐ௕௞ఱ
௕భయ

,  ܴ଺ଵᇱ = − ఐ௕௞ఱ
௕భయ

, 

ܴ଻ଵ = (ି௞ఱିఐ௕ோలభ)ఒಷ

ఉబబ బ்
,       ܴ଻ଵᇱ = (ି௞ఱିఐ௕ோలభ)ఒಷ

ఉబబ బ்
. 

VI. BOUNDARY CONDITIONS 

In this section, we will discuss the theoretical results to obtain the values of parameters ܯ௜ ௜ܯ, 
ᇱ(݅ = 1,2,3,4),

,ହܯ ହܯ
ᇱ . A mechanical force of magnitude P is acting along the microelongated functionally graded layer of 

thickness 2p. To find the values of the parameters ܯ௜ ௜ܯ, 
ᇱ(݅ = 1,2,3,4), ,ହܯ ହܯ

ᇱ  the following boundary 
conditions are taken: 

ܽ) (߬௫௫)ூ = (߬௫௫)ூூ − ܲ݁ఠ௧ାఐ௕௬  ܽݔ    ݐ =  (43)       ݌−

ܾ) (߬௫௬)ூ = ݔ    ݐܽ   0 =  (44)         ݌±

ܿ) డ்
డ௫

= ݔ      ݐܽ        0 =  (45)         ݌±

ூ(ݑ) (݀ = ூூ(ݑ) ݔ         ݐܽ      =  (46)        ݌±

ூ(ݒ) (݁ = ூூ(ݒ) ݔ         ݐܽ      =  (47)        ݌±

݂) (߬௫௫)ூ = ݔ    ݐܽ   0 =  (48)         ݌

where P is the magnitude of the constant force applied to the boundary. 

Using equations (33)-(35), (37), (38) and (41), in the boundary conditions (43)-(48), we get ten equations in ten 
unknowns as: 

∑ ௜(ܽ,߱)݁(௞೔ା௡)௣ܴସ௜ܯ +∑ ௜ܯ
ᇱ(ܽ,߱)݁(௡ି௞೔)௣ܴସ௜ᇱ − ܴ଻ଵܯହ݁௞ఱ௣ −ܴ଻ଵᇱ ହܯ

ᇱ݁ି௞ఱ௣ = −ܲ,ସ
௜ୀଵ

ସ
௜ୀଵ   

            (49) 

∑ ௜(ܽ,߱)݁(ି௞೔ି௡)௣ܴହ௜ܯ +∑ ௜ܯ
ᇱ(ܽ,߱)݁(௞೔ି௡)௣ܴହ௜ᇱ = 0,ସ

௜ୀଵ
ସ
௜ୀଵ      (50) 
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∑ ௜(ܽ,߱)݁(௞೔ା௡)௣ܴହ௜ܯ +∑ ௜ܯ
ᇱ(ܽ,߱)݁(ି௞೔ା௡)௣ܴହ௜ᇱ = 0,ସ

௜ୀଵ
ସ
௜ୀଵ      (51) 

∑ −݇௜ܴଶ௜ܯ௜(ܽ,߱)݁ି௞೔௣ସ
௜ୀଵ +∑ ݇௜ܴଶ௜ᇱ ௜ܯ

ᇱ(ܽ,߱)݁௞೔௣ସ
௜ୀଵ = 0,     (52) 

∑ −݇௜ܴଶ௜ܯ௜(ܽ,߱)݁௞೔௣ସ
௜ୀଵ +∑ ݇௜ܴଶ௜ᇱ ௜ܯ

ᇱ(ܽ,߱)݁ି௞೔௣ସ
௜ୀଵ = 0,     (53) 

∑ ௜(ܽ,߱)݁ି௞೔௣ସܯ
௜ୀଵ + ∑ ௜(ܽ,߱)݁௞೔௣ସܯ

௜ୀଵ ହ݁ି௞ఱ௣ܯ− ହܯ−
ᇱ݁௞ఱ௣ = 0,    (54) 

∑ ௜(ܽ,߱)݁௞೔௣ସܯ
௜ୀଵ +∑ ௜(ܽ,߱)݁ି௞೔௣ସܯ

௜ୀଵ ହ݁௞ఱ௣ܯ− ହܯ−
ᇱ݁ି௞ఱ௣ = 0    (55) 

∑ (ܴଵ௜ܯ௜(ܽ,߱)݁ି௞೔௣ + ௜ܯ
ᇱ(ܽ,߱)݁௞೔௣ܴଵ௜ᇱ )ସ

௜ୀଵ − (ܴ଺ଵܯହ(ܽ,߱)݁ି௞ఱ௣ + ହܯ
ᇱ(ܽ,߱)݁ି௞ఱ௣ܴ଺ଵᇱ = 0 (56) 

∑ (ܴଵ௜ܯ௜(ܽ,߱)݁௞೔௣ + ௜ܯ
ᇱ(ܽ,߱)݁ି௞೔௣ܴଵ௜ᇱ )ସ

௜ୀଵ − (ܴ଺ଵܯହ(ܽ,߱)݁௞ఱ௣ + ହܯ
ᇱ(ܽ,߱)݁௞ఱ௣ܴ଺ଵᇱ = 0   (57) 

           

To find the values of the constants ܯ௜ ௜ܯ, 
ᇱ(݅ = 1,2,3,4), ,ହܯ ହܯ

ᇱ    the system of equations from (49)-(57) 
evaluated using MATLAB. 

Hence we obtain the components of displacement, temperature distribution, micro-elongation stresses as  

(ݔ)∗ݑ = ଵ
୼

[∑ Δ௜݁ି௞೔௫ +ସ
௜ୀଵ ∑ Δ௜ᇱ݁௞೔௫],ସ

௜ୀଵ                     (58) 

(ݔ)∗ݒ = ଵ
୼

[∑ ܴଵ௜Δ௜݁ି௞೔௫ +ସ
௜ୀଵ ∑ ܴଵ௜ᇱ Δ௜ᇱ݁௞೔௫]ସ

௜ୀଵ                     (59) 

(ݔ)∗ܶ = ଵ
୼

[∑ ܴଶ௜Δ௜݁ି௞೔௫ +ସ
௜ୀଵ ∑ ܴଶ௜ᇱ Δ௜ᇱ݁௞೔௫]ସ

௜ୀଵ ,        (60) 

(ݔ)∗߶ = ଵ
୼

[∑ ܴଷ௜Δ௜݁ି௞೔௫ +ସ
௜ୀଵ ∑ ܴଷ௜ᇱ Δ௜ᇱ݁௞೔௫]ସ

௜ୀଵ ,       (61) 

߬௫௫∗ = ݁ି௡௫[ଵ
୼

(∑ Δ௜݁ି௞೔௫ܴସ௜ +ସ
௜ୀଵ ∑ Δ௜ᇱ݁௞೔௫ܴସ௜ᇱ )],ସ

௜ୀଵ       (62) 

߬௫௬∗ = ݁ି௡௫[ଵ
୼

(∑ Δ௜݁ି௞೔௫ܴହ௜ +ସ
௜ୀଵ ∑ Δ௜ᇱ݁௞೔௫ܴହ௜ᇱ )],ସ

௜ୀଵ       (63) 
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