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Abstract—The present research article deals with two-dimensional deformation in a micro-
ellongated functionally graded layer of finite thickness 2p which is immersed in an infinite non-
viscous fluid. A mechanical force of magnitude P is applied along the interface of two medium.
The mechanical properties of functionally graded medium are taken to be in x direction. The
analytical expressions for displacement, temperature, micro-elongation, stresses are obtained by
using normal mode technique.

Index Terms— Micro-elongation, Infinite Fluid, Functionally graded, Normal mode analysis.

|. INTRODUCTION

To study the drawback of uncoupled theory of thermo-elasticity that the elastic deformation has no effect on
temperature, Biot [1] developed the coupled theory of thermo-elasticity. In order to modify the uncoupled and
coupled theory of thermo-elasticity, different researchers gave different theories of thermo-elasticity. The
shortcomings of classical theory were removed by Eringen and Suhubi [2, 3] by modifying it into “Non linear
theory of micro-elastic solids”. Later on, it was found that any micropolar thermoelastic material experiences
macro deformation and micro rotation which was defined by Eringen [4, 5, 6] and named this theory as “linear
theory of micro-polar elasticity”. Further Eringen [7] developed a theory named micropolar elastic solid with
stretch in which he comprised axial stretch. Thermal effects in micro-polar theory were defined by different
researcher [8, 9, 10]. The first theory of thermo-elasticity was generalized thermoelasticity and the second theory
is temperature rate dependent theory which was given by Lord-Shulman [11]. Muller [12] defined an entropy
production inequality in thermodynamics of thermo-elastic solids that helped him in considering the restriction
on a class of constitutive equations. The generalized version of this inequality was presented by Green and Laws
[13]. Another type of these constitutive equations was attained by Green and Lindsay [14]. The constitutive
equations that contains two relaxation time constants was presented independently and explicitly by Suhubi [15].
The study of thermal and mechanical sources in generalised thermo-elastic half space was done by Sharma and
Chauhan [16]. Sharma et. al. [17] investigated the steady-state response of an applied load moving with constant
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speed for infinite long time over the top surface of a homogeneous thermoelastic layer lying over an infinite half-
space. A problem on laser pulse heating in thermo-elastic micro-elongated layer which is immersed in an infinite
fluid was discussed by Ailawalia et. al. [21]. The study of wave propagation in thermo-elastic half space was
done by Ailawalia and Sharma [22].

Functionally graded materials [23, 24, 25] which regulates the thermal variation was developed in Japan 1984
using powder metallurgy which makes FGM a significant thermal barrier. The thermo-mechanical analysis of
FG cylinders and plates studied by Reddy and Chin [26]. Sankar and Tzeng [27] studied the thermal stresses in
functionally graded beams. Abbas and Zenkour [28] studied the LS model on electro-magneto-thermoelastic
response of an infinite functionally graded cylinder. Ghunghas et. al. [29] studied the influence of rotation and
magnetic fields on a functionally graded thermoelastic solid. Kalkal et al.[30] discussed the two dimensional
magneto thermoelastic interactions in a micropolar functionally graded solid. Hygro-thermoelastic nonlinear
analysis of functionally graded porous composite thin and moderately thick shallow panels was discussed by
Pajand and Masoodi [31]. The analysis of two dimensional functionally graded thermo-elastic solid was done by
Sharma and Ailawalia [32].

In the present study, by taking micro-elongation effect and non-homogeneous medium, we developed a model
for thermoelastic micro-elongated functionally graded layer of thickness 2p with an overlying infinite non-
viscous fluid. A force of magnitude P is applied along the interface of two medium. The mechanical properties
of FGM are taken to be in x direction. The expressions for displacement, stresses, temperature and micro-
elongation are obtained by using normal mode technique.

1. BAsIC EQUATIONS

The field equation of motion for a non-homogeneous, isotropic, micro-elongated, thermo-elastic solids in the
absence of body forces are given by Shaw and Mukhopadhyay [19]:

a
T = Abj Uy + #(uk,z + ul,k) —Bo (1 + t16y E) Téy + A6, 1)
my = aod . (2)
a
5 =7 = Aot = i (1+ 6,655 T = Luh 3)
K*T
qr = To'k, (4)

According to [33, 34, 35] the field equation of motion for the displacement, microelongation and temperature
and equation of heat conduction changes are:

9 "
A+ W i+ pw i — Bo (1 + t165 E) T+ Ao = pily, ®)
d .
Qo+ By (1+ 6185005 ) T = M — Aoty = 5 pjocb (6)
. . 9\ - a\ . .
KTy —pC (1 + to0ik E) T = BoTo (1 + to0ik E) Uy — P1Todp = 0. (7)

where Bo = BA2W) ap,, Br=(GA2W ay,,
ao, Ao, A1 - micro-elongation constant, K* - thermal conductivity, a, , a.,- linear thermal expansion coefficient,
T- temperature, To-reference temperature, C* - specific heat at constant strain, ¢ - micro elongation scalar, jo -
micro inertia, to, t1 - thermal relaxation times, p - density of the micro elongated medium, u; - displacement
vector, ok - Stress tensor micro-elongational, my - the component of microstretch vector, s - component of stress
tensor, g, denotes heat flux.
The equation of motion in a non-viscous fluid is given by Ewing et. al. [36]

AFufy; = pFaf, (8)
The relation of stress and displacement is given as
tLFJ = Apuﬁré'ij (9)

Where A denoted the fluid constant and p denoted the density of fluid.

I1l. FORMULATION OF THE PROBLEM

Here, we consider a rectangular cartesian co-ordinate system (x, y, z) with x axis pointing vertically downward.
A functionally graded isotropic thermoelastic micro-elongated layer of finite thickness 2p occupying the region
—p <x <p (medium 1) having a displacement vector % given by % = (u,v,0) where, u=(x,y, t),v=(X, Y, t)
and a displacement vector uf with component u* = (u¥, vf,0) for infinite non-viscous fluid (medium 11) is
considered.
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Here we restricted our present study to X — y plane. Therefore, all the field quantities will not depend on the
space variable z.

Due to the effect of functionally graded solid, the parameters are no longer constant but they depend on space
variables. Here B1, Bo, K*, p, A1, Ao, @0, A, i are replaced by Bio Y(X), Poo Y (X), Ko* P(X), po ¥(X), Mo Y(X),
oo Y(X), ac Y(X), ko Y(X), uop (X) respectively, where Bio , Boo, Ko*, po, Ao, Aoo, @00, Ao, g are constants.
y(X)is a given dimensionless function of space variable X = (x, y, z). We suppose that the properties of the
medium depends on x coordinate only, hence ¥ (X) will be further expressed as ¥ (X).

= -p medinm IT
P infinite non-viscons flnid
I micro-elonsated functionally sraded laver
i
O F nucdivmm 1 %
x—p infinite non viscous flnid

Therefore field equation (5)—(7) becomes:
(X)[(/l +2 ) +(/1 )ﬂ+ otu (1+t6 ) +1 + 20O + 2u0) 2 +
Y 0 Ho 0 Ko7 ay — Boo 192k 5; 007 ] ax¢( M4, Hol 37

dxdy
/10_ — Boo (1 + t162k )T + oo = Pof(x) at2’ (10)
() (e + jx") o = (X) (224 22) + Y o e + (o + 200) 2 = fog (14 116, %) T+
/1003_ = pof(x )p (11)
20 [zp(X>v2¢ + W) Z| + p(X)Brof () (1+ 6185 5) T = Magh(X) — Ao (X) (T2 +22) =
~pa(X) 2%, (12)
K; [zp(X)VZT + PO 5] = pa () C (1+ o8 5r) 57— Boo (0T, (1+ o8 sr) (55 +52) =
B ()T, 22 =0, (13)
The stress components are as,
= () [ (o + 2u0) S+ 2y 2 0y = (1+ 62850 2) T+ 2009 | (14)
=yP(X) [/10 + (A + 2#0) — Boo (1 +t165 )T + Aoo(p] (15)
= 1o () ( a;j; %), (16)

V. EXPONENTIAL VARIATION OF NON-HOMOGENEITY

It is assumed that ¥ (X) = e™™*, where n is a dimensionless parameter, it can be concluded that material having
mechanical as well as thermal properties alter exponentially along the x-direction.
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The governing equation (10) — (13) and the stress equations (14) — (16) can be changed in the non-dimensional
form by introducing the dimensionless
parameters:

!

_ " r— e ’— ’ w*pocy ;r — 2oo 1 %
Sy =Wy, T"=-, =0t u = ne' = ¢.0; =
c1 To' BooTo BooTo BooTo

I
X' =%y

where,
*:POCfC* 2 — Aot2uo
K* 1 Po

Using the above mentioned dimensionless parameters in equations (10)-(16), after dropping subscript we get:

%u N aT a¢ du | Iv e O _ d%u
e s, b3— -1+t w 62k§)a_ Nt |4£ - (Mt Sac )T + 4] = -,
17
%y ?u | 9% 01\0T [0y Ju, 9v.
s + 2 9xdy + -(Hho 82“at)a 9y N bs[7 >+ ay] ez (18)
[V2¢ n ] + bs (1+t1 w*62k—) T —besp — b7 (— + _) = bsatz’ (19)
ou . a
[V2T - na] — by (1+t w* 51k5) = bio ( —+t0w 51k§)(£ %) b11 (20)
e w*stk%)T +gle ™, (21)
oy = [0 51+ 57 = (Lt 0"Ba))T + ¢ ™ (22)
e (23)
where,
_totHo __ Mo _ Ao _BioAooct _Mocf __2%0 1 . 2
b2 0 e’ 3 “poc?’ 4 “poc?’ " Boow™? ' bs = w2’ b “pow*?’ bs —ZPO]OC1,
b _c cf — BdoTo by = B1oBooToct
o Kiw* ' 0 poKjw*2’ ! AooKGw*

V. METHOD OF SOLUTION

To obtain the analytical expressions for displacement, temperature, stresses
and micro-elongation, normal mode technique is used here. In this method, the solution of the physical variables
is decomposed in terms of normal mode.

(w v, T, ¢, 7)) (x.y,t) = (W' v, T*, ¢", 7)) (x)e (24)

where o specifies complex frequency, b represents as the wave number, and u, v, T, ¢"and 7;; are field

quantities amplitude.

Using (24) in (17)-(23) equations, we get

(D? —nD — g,)u* + tb(b,D — nb,)v* — g,(D —n)T* + (D —n)¢* =0, (25)

tb(b,D — nb3)u* + (b3D? — nbyD — g3)v* — g,bT* +1hp* = 0, (26)

—b,Du* — byibv* + b g,T* + (D? —nD — g,)¢* =0, (27)

—byog1sDu* — thbygsv* + (D? —nD — g¢)T* — by ywep* =0, (28)
o = Du* + bybv* — g, T* + ¢* (29)

Tyy = by DUu™ +1bv* — g,T" + ¢* (30)

Tyy = b3(tbu™ + Dv™) (31)

where,
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D= by =byb?+w? byy = (1+t;8,00°), by = b+ w?, by = b? + bs + bgw?, g5 =

w(1 +t,6,,00), ge = b?+ by(1+ t,6;,ww*).

After eliminating v*, T+, ¢+ from equations (25)-(28), we get eighth order differential equation for u* as:

(D® +nN,D” + N,D® + nN;D° + N,D* + nN; D3 + N;,D? + nN,D + Ng)u*(x) =0  (32)

where,

N, —=(52512+51512—516b3+2515b3)
b3bi1®

_ (535121255512 +51521—b3S17— 2n%516b3=51554)

N, =
2 b3b110) !
_—(=53512— 52521+51S22+b3518— 2517b3+51654—S5515)
N
37 bsby1 o '
3b11
2
N —(=53521—N%52522+51522+b3S10— 2n?51gb3+51754+1%55516)
4= 1

b3 b1 w
_—(=53522— 52523+51524+13520— 251913 +51854+S5517)
N5 -

b3b110)
N _—(523—n255524+51525— 2n2550l3+51954+11%55515)
6 b3b110) !
N _—(=53524— S2552+52054+S5519)
7 b3b '
30110
_—(—s3825+n%85520)
Ng =—————
b3b110)
And
— — — 2 — 2 2 — 2 —
s1 =1—b,, S; =1—=Dby+ b3 s3=g,+n"bs, 5, =byb* — g3+ n°bs, s5=gs—bbs, Se¢ = b1ogs,
— — 2 —
S7 = b10gsga — b7b11w, Sg =N —gs — Gar Sg = g6 + Ja
S10 = bsb11wgs + guGe, S11 = byb110 — by gs, S12 = b3byyw,
— 12 — — —
S13 = b*b10gs — 93b110, S14 = gob11 0+ ge, S15 = byby1w, S16 = bsbyyw + 2by by w,
— 2 2
S17 = 9295b10b110 — byby 1@ — 2n?b3by w — (n? — g — g4)by b1y w,
— — 2 —
S1g = —S7 — SgS14 ¥ S1258 — S9S11,S19 = S7514 ¥ N7S9S15 — S10811, S20 = S10512
— 12 2 — 2
S21 = b"Sg — S13 — 2n°S1; — SgS1a, Sz = —2b%sg + 2513 + 51355 — S1259,
— 12 2,2 2 2
Sa3 = b"s; + b*nsg — Seb“S14 — SgS13 + N"S12S9 — 510512
— 2 2 — 2 —
, S24 = bS7 + D°SeS14 — S13519 + S10512 S25 = —S7D"S14 — S10513,S26 = —S1512 — S15D3,

Sa7 = S12(52 +51) + b3(s16 + 2515), Szs
= 512(55 —n?5;) + 51551 + b3 (517, — 2n®s16) — 5155,
S29 = 51525 + D3(S19 — 2n7S1g) — 53815 — 5,521 + 54516 — S1554
S30 = 51822 + b3(S19 — 2n?818) — 53551 — N?8,55, + 54517 + NP51655
S31 = S1S24 + Sp0D3 — 53525 — S3S53 — 2b3S19 + 54518 — S5517
S3z = S1525 — 53523 — N°S3554 — 2n°b3Sp0 + 54519 + NPS5Sig
S33 = S4S20 — S3524 — S2S25 — S5S19, S3a = M7S20S5 — S3525
The solution of equation (32) which is bounded as x — oo is given by

w(x) = 2, Mi(a, w)e k¥ + 31 M (a, w)eki*, (33)
v*(x) =Xt RiuM(a, w)e k¥ + ¥+ R M (a, w), (34)
T*(x) = X, RyM;(a, w)e k% + 31 Ry, M (a, w)er, (35)
¢ (x) =X, RyM(a, w)e ™ * + X1 Ry M| (a, w)eki*, (36)

where +k;(i =1,2,3,4) are the roots of the equation (32) and M;(a,w), M{(a,w) (i =1,2,3,4) are the
parameters, depending upon a and o,

R.. = Lb(slki2+nszki—53) ; Lb(slkiz—nszki—s;,»)
1 (=b3k}-2nbzk?—s4k;+nss) v (bsk}-2nbskfP+syki+nss)]’

R = tb(s11K;+1512)~Ryi(S12k? +n512K;+513) R = —tb(s11ki—ns12)—Ry (512K —n512ki+513)
2i — [ ]1 21 — [ ]n

(tk?+ibnk;—bsy4) (tbkZ—bnk;—1bs14)
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_ byki+b7ibR};—bsgaRy;

— Zbrkitb7tbRyi—bsgzRyi R =
’ 3 (ke —nki=ga)

(kZ+nki—gs)

R3L'

Normal mode analysis of the stress components yields the following:

O = € [Niey Mi(a, w)e™ ¥ Ry; + Xy Mi(a, w)e i Ry,], (37)
oxy = e [Xiey Mi(a, w)e ¥ Ry; + iy Mi(a, w)e ¥ Ry,], (38)
In the same way, the solution for infinite non-viscous fluid medium Il are of the form

uF" (x) = Ms(a, w)e ™*s* + Mi(a, w)eks*, (39)
vF (x) = Rg1Ms(a, w)e 5% + Ry, ML(a, w)eks*, (40)
The normal stress component is given by

To" (x) = Ry Ms(a, w)e™*s* + Ry, Mi(a, w)eks*, (41)

where Mg (a, w), Mi(a,w) are the specific functions depending upon a, ® and kZ are the roots of the following
second-degree equation

(D? — k3)ul" (x) =0, (42)
Where,
2 _ bizbizw?
kg rw—
F .2
— P — 1.2 2
bis = 2F bi; = b* + b0,
And
tbkg ’ _ tbkg
Ry bz’ 61 by3’
—k5—tbRg1)AF —k5—tbRg1)AF
R71:( 5—tbRs1) , Rélz( 5—tbRs1) .

BooTo BooTo

V1. BOUNDARY CONDITIONS

In this section, we will discuss the theoretical results to obtain the values of parameters M; , M;(i = 1,2,3,4),
Ms, M{. A mechanical force of magnitude P is acting along the microelongated functionally graded layer of
thickness 2p. To find the values of the parameters M;,M;(i =1,2,3,4), Ms, M:the following boundary
conditions are taken:

@) ()1 = (Tax)yy — Pe“*™ at x=—p (43)
b) (txy); =0 at x==%p (44)
c) g—i =0 at x==p (45)
d) (W), =@),; at X==p (46)
e)), =), at X==p 47
f) (@) =0 at x=p (48)

where P is the magnitude of the constant force applied to the boundary.

Using equations (33)-(35), (37), (38) and (41), in the boundary conditions (43)-(48), we get ten equations in ten
unknowns as:

Y Mi(a, w)e®tMPR, + ¥4 M!(a,w)e™ ¥IPR), — R, Mse®s? — Ry Mie *sP = —P,
(49)

Yi o M(a, w)eCKiPR + ¥4 Mi(a, w)e®kim™PRL. =0, (50)
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Yi o M(a, w)e®tVPR. + 4 M!(a,w)eKitmWPRL. =0, (51)

i=1 —kiRyiMi(a, w)e ™ P + ¥, kiR;:Mi(a, w)e*i? =0, (52)
i=1 —kiRyiMi(a, w)e*® + XL kiRy:Mi(a, w)e P =0, (53)
YiM(a,w)e P + 31 M;(a,w)ekiP — MgeksP — Mie*sP = Q, (54)
YEiM(a,w)ek? + 31 M;(a, w)e KiP — MeksP — Mie™*sP = 0 (55)
L (RM;(a, w)e™ P + M](a,w)eXPR];) — (Rg1Ms(a, w)e ™ *sP + Mi(a,w)e ®sPR;; =0  (56)
*L(RM;(a, w)e*? + M!(a, w)e ¥PR];) — (R Ms(a, w)eksP + Mi(a, w)e*sPR;; =0 (57)

To find the values of the constants M; M;(i = 1,2,3,4), M5, M the system of equations from (49)-(57)
evaluated using MATLAB.

Hence we obtain the components of displacement, temperature distribution, micro-elongation stresses as

w'(x) = S [Tk Ae ™k + TE Ajekir], (58)

v () = 3 [Bhy Ryfe ™ + T, Ry Aje"¥] (59)
T*(x) = £ [Th, Rylhie ™% + X4, Ry Aje*], (60)
¢"(x) = £ [Zh, RyyBie ™% + T4, Ry Aje], (61)
T = e 2 (DL, Ao KR, + B, AfeRER))], (62)

Ty =€ [i (Zi, Aje ™Ry + Xy Aje"*Rgy)], (63)
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