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Abstract— In this paper we introduce and investigate the LE-Degree Product energy of a graph 
  .(۵)۳۾۳۲ۺ We establish upper and lower bounds for .(۵)۳۾۳۲ۺ
 
Index Terms— LE-Degree Product index, LE-Degree Product eigenvalues, LE-Degree Product 
energy, k-complement. 

I. INTRODUCTION 

Matrix representation of a graph set a new trend in the research of Mathematical Chemistry. Adjacency matrix is 
also known as 0− 1 matrix whose entries will be 1, if the two corresponding vertices are adjacent and for other 
case the entry will be 0. Energy of graph is the sum of absolute values of eigenvalues extracted by the adjacency 
matrix of graph. Thousands of studies have been published since the beginning of graph energy (See for example 
[1-4, 6-9, 23]). 
In the recent decades, Topological indices attracted the researchers of both mathematics as well as Chemistry 
due to their numerous applications. For new topological indices, we suggest the reader to refer the papers [10-
21]. LE-Degree Product is a new molecular descriptor, introduced by K. N. Prakasha [5]. He defined the new 
index of a graph ܩ as follows 

(ܩ)ܯܲܦܧܮ = (ܩ)ܲܦܧܮ = ෍ (ln(݀௨݀௩) + ݁ௗೠௗೡ)
௜∼௝

. 

Here ݀௨ and ݀௩ represent the degree of vertex ݑ and ݒ respectively. By the motivation of the LE-Degree Product 
index, we associate a symmetric square matrix (ܩ)ܲܦܧܮ to a graph ܩ. The LE-Degree Product matrix 
(ܩ)ܲܦܧܮ = ൫ܫ௜௝൯௡×௡

 is defined as 

= ൜ln(݀௨݀௩) + ݁ௗೠௗೡ ݒݑ ∈ ܧ
0 ݁ݏ݅ݓݎℎ݁ݐ݋

ൠ 

II. THE LE-DEGREE PRODUCT ENERGY OF A GRAPH 

Throughout the paper we considered a graph ܩ which is a simple, finite, undirected, sign-less, mark-less graph. 
Let (ܩ)ܲܦܧܮ be the LE-Degree Product matrix. The characteristic polynomial of (ܩ)ܲܦܧܮ will be denoted by 
߶௅ா஽௉(ߣ,ܩ) and defined as 

߶௅ா஽௉(ߣ,ܩ) = ܫߣ൫ݐ݁݀ −  .൯(ܩ)ܲܦܧܮ
Since the LE-Degree Product matrix is real and symmetric, its eigenvalues are real numbers, and we label them 
in non-increasing order ߣଵ ≥ ଶߣ ≥ ⋯  ≥  is similarly defined by ܩ ௡. The LE-Degree Product energy ofߣ
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(ܩ)ܧܲܦܧܮ = ෍|ߣ௜|
௡

௜ୀଵ

. 

This paper is organized as follows. In Section 3, we give the basic properties of LE-Degree Product energy of a 
graph. In Section 4, LE-Degree Product energy of some standard and well-studied graphs are obtained. In 
Section 5, we compute inverse sum connectivity energy of some complements of some specific graphs. 
Some basic properties of LE-Degree Product energy of a graph 
Proposition 1.  The first three coefficients of the polynomial ߶௅ா஽௉(ߣ,ܩ) are as follows: 
(݅) ܽ଴ = 1, 
(݅݅) ܽଵ = 0, 
(݅݅݅) ܽଶ = −∑ [ln(݀௨݀௩) + ݁ௗೠௗೡ]ଶ௜ழ௝ . 
Proof. (݅) By the definition of ߔ௅ா஽௉(ߣ,ܩ) = ܫߣ]ݐ݁݀ − we get ܽ଴ ,[(ܩ)ܲܦܧܮ = 1. 
(݅݅) The sum of determinants of all 1 × 1 principal submatrices of (ܩ)ܲܦܧܮ is equal to the trace of (ܩ)ܲܦܧܮ 
implying that 

ܽଵ = (−1)ଵ × the  trace  of  (ܩ)ܲܦܧܮ = 0. 
(݅݅݅) By the definition, we have 

(−1)ଶܽଶ = ෍ ∣∣
∣ܽ௜௜ ܽ௜௝
௝ܽ௜ ௝ܽ௝∣∣

∣

ଵஸ௜ழ௝ஸ௡

ܽଶ = ෍ ܽ௜௜
ଵஸ௜ழ௝ஸ௡

௝ܽ௝ − ௝ܽ௜ܽ௜௝

ܽଶ = ෍ ܽ௜௜
ଵஸ௜ழ௝ஸ௡

௝ܽ௝ − ෍ ௝ܽ௜
ଵஸ௜ழ௝ஸ௡

ܽ௜௝

ܽଶ = −෍ [ln(݀௨݀௩) + ݁ௗೠௗೡ]ଶ
௜ழ௝

.

 

 ◻ 
Proposition 2.  If ߣଵ,ߣଶ, … , ∑ then ,(ܩ)ܲܦܧܮ ௡ are the inverse sum connectivity eigenvalues ofߣ ௜ߣ

ଶ௡
௜ୀଵ =

2∑ [ln(݀௨݀௩) + ݁ௗೠௗೡ]ଶ௜ழ௝ . 
Proof. It follows as 

෍ߣ௜ଶ
௡

௜ୀଵ

= ෍෍ܽ௜௝

௡

௝ୀଵ

௡

௜ୀଵ
௝ܽ௜

෍ߣ௜ଶ
௡

௜ୀଵ

= 2෍൫ܽ௜௝൯
ଶ

௜ழ௝

+ ෍(ܽ௜௜)ଶ
௡

௜ୀଵ

෍ߣ௜ଶ
௡

௜ୀଵ

= 2෍൫ܽ௜௝൯
ଶ

௜ழ௝

෍ߣ௜ଶ
௡

௜ୀଵ

= 2෍ [ln(݀௨݀௩) + ݁ௗೠௗೡ]ଶ
௜ழ௝

.

 

 ◻ 
Using this result, we now obtain lower and upper bounds for the LE-Degree Product energy of a graph: 

Theorem 3.  Let ܩ be a graph with ݊ vertices. Then (ܩ)ܲܦܧܮ ≤ ට2݊∑ [ln(݀௨݀௩) + ݁ௗೠௗೡ]ଶ௜ழ௝ . 

Theorem 4.  Let ܩ be a graph with ݊ vertices, then (ܩ)ܧܲܦܧܮ ≥

ට2∑ [ln(݀௨݀௩) + ݁ௗೠௗೡ]ଶ௜ழ௝ + ݊(݊ − ൯൧(ܩ)ܲܦܧܮ൫ݐ݁ܦൣ(1
మ
೙. 

III. LE-DEGREE PRODUCT ENERGY OF SOME STANDARD GRAPHS 

Theorem 5.  The LE-Degree Product energy of a complete graph ܭ௡ is ܧܲܦܧܮ(ܭ௡) = 2(݊ − 1)൫ln((݊ −
1)ଶ) + ݁(௡ିଵ)మ൯. 
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Proof. Let ܭ௡ be the complete graph with vertex set ܸ = ⋯,ଶݒ,ଵݒ} ,  ௡}. For this graph, the LE-Degree Productݒ
matrix is 

⎣
⎢
⎢
⎢
⎢
⎡
0 ܣ ܣ … ܣ ܣ
ܣ 0 ܣ … ܣ ܣ
ܣ ܣ 0 … ܣ ܣ
⋮ ⋮ ⋮ ⋱ ⋮ ⋮
ܣ ܣ ܣ … 0 ܣ
ܣ ܣ ܣ … ܣ 0⎦

⎥
⎥
⎥
⎥
⎤

. 

The characteristic equation then becomes 
൫ߣ + ln((݊ − 1)ଶ) + ݁(௡ିଵ)మ൯

௡ିଵ
൫ߣ − (݊ − 1)ln((݊ − 1)ଶ) + ݁(௡ିଵ)మ൯ = 0 

and the spectrum would be 

(௡ܭ)௅ா஽௉ܿ݁݌ܵ = ൬−ln((݊ − 1)ଶ) + ݁(௡ିଵ)మ (݊ − 1)ln((݊ − 1)ଶ) + ݁(௡ିଵ)మ

݊ − 1 1
൰. 

Therefore, ܧܲܦܧܮ(ܭ௡) = 2(݊ − 1)൫ln((݊ − 1)ଶ) + ݁(௡ିଵ)మ൯. ◻ 
Theorem 6.  The LE-Degree Product energy of the star graph ܭଵ,௡ିଵ is ܧܲܦܧܮ൫ܭଵ,௡ିଵ൯ = 2[ln(݊ − 1) +
݁௡ିଵ]ඥ(݊ − 1). 
Proof. Let ܭଵ,௡ିଵ be the star graph with vertex set ܸ = ⋯,ଵݒ,଴ݒ}  ଴ denotes the central vertex. Theݒ ௡ିଵ} withݒ,
LE-Degree Product matrix is 

⎣
⎢
⎢
⎢
⎢
⎢
⎡ 0 ln(݊ − 1) + ݁௡ିଵ ln(݊ − 1) + ݁௡ିଵ … ln(݊ − 1) + ݁௡ିଵ ln(݊ − 1) + ݁௡ିଵ
ln(݊ − 1) + ݁௡ିଵ 0 0 … 0 0
ln(݊ − 1) + ݁௡ିଵ 0 0 … 0 0

⋮ ⋮ ⋮ ⋱ ⋮ ⋮
ln(݊ − 1) + ݁௡ିଵ 0 0 … 0 0
ln(݊ − 1) + ݁௡ିଵ 0 0 … 0 0 ⎦

⎥
⎥
⎥
⎥
⎥
⎤

. 

The characteristic equation becomes 
ଶߣ)௡ିଶߣ − (݊ − 1)[ln(݊ − 1) + ݁௡ିଵ]ଶ) = 0 

and therefore, the spectrum would be 

ଵ,௡ିଵ൯ܭ௅ா஽௉൫ܿ݁݌ܵ = ൬−[ln(݊ − 1) + ݁௡ିଵ]ඥ(݊ − 1) 0 [ln(݊ − 1) + ݁௡ିଵ]ඥ(݊ − 1)
1 ݊ − 2 1

൰. 

Therefore, 
ଵ,௡ିଵ൯ܭ൫ܧܲܦܧܮ = 2[ln(݊ − 1) + ݁௡ିଵ]ඥ(݊ − 1). 

 ◻ 
Theorem 7.  The LE-Degree Product energy of crown graph ܵ௡଴ is ܧܲܦܧܮ(ܵ௡଴) = (݊ − 1)൫ln((݊ − 1)ଶ) +
݁(௡ିଵ)మ൯. 
Proof. Let ܵ௡଴ be the crown graph of order 2݊ and let the vertex set of this graph be {ݑଵ, ⋯,ଶݑ , ௡ݑ ⋯,ଶݒ,ଵݒ,  .{௡ݒ,
The LE-Degree Product matrix of ܵ௡଴ is 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
0 0 0 … 0 0 ܤ … ܤ ܤ
0 0 0 … 0 ܤ 0 … ܤ ܤ
0 0 0 … 0 ܤ ܤ … 0 ܤ
⋮ ⋮ ⋮ ⋱ ⋮ ⋮ ⋮ ⋱ ⋮ ⋮
0 0 0 … 0 ܤ ܤ … ܤ 0
0 ܤ ܤ … ܤ 0 0 … 0 0
ܤ 0 ܤ … ܤ 0 0 … 0 0
⋮ ⋮ ⋮ ⋱ ⋮ ⋮ ⋮ ⋱ ⋮ ⋮
ܤ ܤ 0 … ܤ 0 0 … 0 0
ܤ ܤ ܤ … 0 0 0 … 0 0⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

. 

 
Here ܤ = ln((݊ − 1)ଶ) + ݁(௡ିଵ)మ  
Therefore, the characteristic equation is 

ߣ) − ߣ)௡ିଵ(ܤ + +ߣ௡ିଵ൫(ܤ (݊ − ߣ൯൫(ܤ)(1 − (݊ − ൯(ܤ)(1 = 0 
implying that the spectrum is 

௅ா஽௉(ܵ௡଴)ܿ݁݌ܵ = ቀ(݊ − (ܤ)(1 −(݊ − (ܤ)(1 ܤ ܤ−
1 1 ݊ − 1 ݊ − 1ቁ. 
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Therefore, we obtain 
(௡଴ܵ)ܧܲܦܧܮ = 2(݊ − 1)൫ln((݊ − 1)ଶ) + ݁(௡ିଵ)మ൯. 

 ◻ 
Theorem 8.  The LE-Degree Product energy of the cocktail party graph ܭ௡×ଶ is ܴܵܧ(ܭ௡×ଶ) = 4(݊ −
1)ൣln(4(݊ − 1)ଶ) + ݁ସ(௡ିଵ)మ൧. 
Proof. Let ܭ௡×ଶ be the cocktail party graph of order 2݊ with vertex set {ݑଵ, ݑଶ,  ⋯ , ௡ݑ  ⋯ ,ଶݒ ,ଵݒ , ,   .{௡ݒ 
The LE-Degree Product matrix is 

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
0 ܥ ܥ ܥ … 0 ܥ ܥ ܥ
ܥ 0 ܥ ܥ … ܥ 0 ܥ ܥ
ܥ ܥ 0 ܥ … ܥ ܥ 0 ܥ
ܥ ܥ ܥ 0 … ܥ ܥ ܥ 0
⋮ ⋮ ⋮ ⋮ ⋱ ⋮ ⋮ ⋮ ⋮
0 ܥ ܥ ܥ … 0 ܥ ܥ ܥ
ܥ 0 ܥ ܥ … ܥ 0 ܥ ܥ
ܥ ܥ 0 ܥ … ܥ ܥ 0 ܥ
ܥ ܥ ܥ 0 … ܥ ܥ ܥ 0⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

. 

Where ܥ = ln(4(݊ − 1)ଶ) + ݁ସ(௡ିଵ)మ. 
This implies that the characteristic equation becomes 

ߣ)௡ߣ + ߣ)௡ିଵ([ܥ]2 − 2(݊ − ([ܥ](1 = 0. 
Hence, the spectrum is 

(௡×ଶܭ)ோௌܿ݁݌ܵ = ቀ−2[ܥ] 0 2(݊ − [ܥ](1
݊ − 1 ݊ 1 ቁ. 

Therefore, 
(௡×ଶܭ)ܧܴܵ = 4(݊ − 1)ൣln(4(݊ − 1)ଶ) + ݁ସ(௡ିଵ)మ൧. 

 ◻ 
Theorem 9.  The LE-Degree Product energy of the complete bipartite graph ܭ௠,௡ of order ݉ × ݊ with vertex set 
⋯,ଶݑ,ଵݑ} ௠ݑ, ⋯,ଶݒ,ଵݒ, ௠,௡൯ܭ൫ܧܲܦܧܮ ௡} isݒ, = 2√݉݊[ln݉݊ + ݁௠௡]. 
Proof. The LE-Degree Product matrix of the complete bipartite graph ܭ௠,௡  is 

⎣
⎢
⎢
⎢
⎢
⎢
⎡

0 0 0 … ln݉݊ + ݁௠௡ ln݉݊ + ݁௠௡ ln݉݊ + ݁௠௡
0 0 0 … ln݉݊ + ݁௠௡ ln݉݊ + ݁௠௡ ln݉݊ + ݁௠௡
0 0 0 … ln݉݊ + ݁௠௡ ln݉݊ + ݁௠௡ ln݉݊ + ݁௠௡
⋮ ⋮ ⋮ ⋱ ⋮ ⋮ ⋮

ln݉݊ + ݁௠௡ ln݉݊ + ݁௠௡ ln݉݊ + ݁௠௡ … 0 0 0
ln݉݊ + ݁௠௡ ln݉݊ + ݁௠௡ ln݉݊ + ݁௠௡ … 0 0 0
ln݉݊ + ݁௠௡ ln݉݊ + ݁௠௡ ln݉݊ + ݁௠௡ … 0 0 0 ⎦

⎥
⎥
⎥
⎥
⎥
⎤

. 

Then the characteristic equation is 
ߣ௠ା௡ିଶ൫ߣ − √݉݊[ln݉݊ + ݁௠௡]൯൫ߣ+ √݉݊[ln݉݊ + ݁௠௡]൯ = 0 

and therefore the spectrum is 

௠,௡൯ܭ௅ா஽௉൫ܿ݁݌ܵ = ൬√݉݊[ln݉݊ + ݁௠௡] 0 −√݉݊[ln݉݊ + ݁௠௡]
1 ݉ + ݊ − 2 1

൰ . 

Therefore, we get 
௠,௡൯ܭ൫ܧܲܦܧܮ = 2√݉݊[ln݉݊ + ݁௠௡]. 

 ◻ 

IV. LE-DEGREE PRODUCT ENERGY OF COMPLEMENTS 

Definition 10.   Let G be a graph and P୩ = {Vଵ, Vଶ,⋯ , V୩} be a partition of its vertex set V. Then the k-
complement of G is denoted by (G)୩ and obtained as follows: For all V୧ and V୨ in P୩, i ≠ j, remove the edges 
between V୧ and V୨ and add the edges between the vertices of V୧ and V୨ which are not in G. 
Definition 11.   Let G be a graph and P୩ = {Vଵ, Vଶ,⋯ , V୩} be a partition of its vertex set V. Then the k(i)-
complement of G is denoted by (G)୩(୧) and obtained as follows: For each set V୰ in P୩, remove the edges of G 
joining the vertices within V୰ and add the edges of G (complement of G) joining the vertices of V୰. 
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Theorem 12.  The LE-Degree Product energy of the complement K୬ of the complete graph K୬ is LEDPE൫K୬൯ =
0. 
Proof. Let ܭ௡ be the complete graph with vertex set ܸ = ⋯,ଶݒ,ଵݒ} ,  ௡}. The LE-Degree Product connectivityݒ
matrix of the complement of the complete graph ܭ௡ is 

௡൯ܭ൫ܲܦܧܮ =

⎣
⎢
⎢
⎢
⎢
⎡
0 0 0 … 0 0
0 0 0 … 0 0
0 0 0 … 0 0
⋮ ⋮ ⋮ ⋱ ⋮ ⋮
0 0 0 … 0 0
0 0 0 … 0 0⎦

⎥
⎥
⎥
⎥
⎤

. 

Clearly, the characteristic equation is ߣ௡ = 0 implying 
௡൯ܭ൫ܧ = 0. 

 ◻ 
Theorem 13.  The LE-Degree Product energy of the complement ܭଵ,௡ିଵ of the star graph ܭଵ,௡ିଵ is 
ଵ,௡ିଵ൯ܭ൫ܧܲܦܧܮ = 2(݊ − 2)ൣln(݊ − 2)ଶ + ݁(௡ିଶ)మ൧. 
Proof. Let ܭଵ,௡ିଵ be the complement of the star graph with vertex set ܸ = ⋯,ଵݒ,଴ݒ}  ଴ is theݒ ௡ିଵ} whereݒ,
central. The LE-Degree Product matrix is 

⎣
⎢
⎢
⎢
⎢
⎢
⎡
0 0 0 … 0 0
0 0 ln(݊ − 2)ଶ + ݁(௡ିଶ)మ … ln(݊ − 2)ଶ + ݁(௡ିଶ)మ ln(݊ − 2)ଶ + ݁(௡ିଶ)మ

0 ln(݊ − 2)ଶ + ݁(௡ିଶ)మ 0 … ln(݊ − 2)ଶ + ݁(௡ିଶ)మ ln(݊ − 2)ଶ + ݁(௡ିଶ)మ

⋮ ⋮ ⋮ ⋱ ⋮ ⋮
0 ln(݊ − 2)ଶ + ݁(௡ିଶ)మ ln(݊ − 2)ଶ + ݁(௡ିଶ)మ … 0 ln(݊ − 2)ଶ + ݁(௡ିଶ)మ

0 ln(݊ − 2)ଶ + ݁(௡ିଶ)మ ln(݊ − 2)ଶ + ݁(௡ିଶ)మ … ln(݊ − 2)ଶ + ݁(௡ିଶ)మ 0 ⎦
⎥
⎥
⎥
⎥
⎥
⎤

. 

The corresponding characteristic equation is 
ߣ൫ߣ − (݊ − 2)ൣln(݊ − 2)ଶ + ݁(௡ିଶ)మ൧൯൫ߣ + ln(݊ − 2)ଶ + ݁(௡ିଶ)మ൯

௡ିଶ
= 0 

and therefore the spectrum is 

ଵ,௡ିଵ൯ܭ௅ா஽௉൫ܿ݁݌ܵ = ൬−ln(݊ − 2)ଶ + ݁(௡ିଶ)మ 0 (݊ − 2)ൣln(݊ − 2)ଶ + ݁(௡ିଶ)మ൧
݊ − 2 1 1

൰. 

Therefore, 
ଵ,௡ିଵ൯ܭ൫ܧܲܦܧܮ = 2(݊ − 2)ൣln(݊ − 2)ଶ + ݁(௡ିଶ)మ൧. 

 ◻ 
Theorem 14.  The LE-Degree Product energy of the complement ܭ௡×ଶ of the cocktail party graph ܭ௡×ଶ of order 
2݊ is ܧܲܦܧܮ(ܭ௡×ଶ) = 2݊݁. 
Proof. Let ܭ௡×ଶ be the cocktail party graph of order 2݊ having the vertex set {ݑଵ, ⋯,ଶݑ , ௡ݑ ⋯,ଶݒ,ଵݒ,  ௡}. Theݒ,
corresponding LE-Degree Product matrix is 

௡×ଶ൯ܭ൫ܲܦܧܮ =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡
0 0 0 0 … ݁ 0 0 0
0 0 0 0 … 0 ݁ 0 0
0 0 0 0 … 0 0 ݁ 0
0 0 0 0 … 0 0 0 ݁
⋮ ⋮ ⋮ ⋮ ⋱ ⋮ ⋮ ⋮ ⋮
݁ 0 0 0 … 0 0 0 0
0 ݁ 0 0 … 0 0 0 0
0 0 ݁ 0 … 0 0 0 0
0 0 0 ݁ … 0 0 0 0⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

and the characteristic equation becomes 

ߣ) + ݁)௡(ߣ − ݁)௡ = 0 

implying that the spectrum would be 
௡×ଶ൯ܭ௅ா஽௉൫ܿ݁݌ܵ = ቀ݁ −݁

݊ ݊ ቁ. 
Therefore, 

௡×ଶ൯ܭ൫ܧܲܦܧܮ = 2݊݁. 
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