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Abstract—Considering this article, we have calculated the coefficients of characteristic 
(determinantal) polynomial for a Star graph by taking the vertex number and using the 
eigenvalues of the Graph’s matrix. 
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I. INTRODUCTION 

For all phrases and notes of graph theory, readers should refer to [35]. Here we consider simple and non-loop 
graphs including the restricted number of vertices and edges. 
Laplacian coefficients of Characteristic polynomial of a Star Graph 
In studying the chemical characteristics of molecules, coefficients of a characteristic polynomial are helpful. 
The characteristic polynomial of a graph can be evaluated using a variety of techniques ([1] [30]). In [30], it is 
asserted that the Faddeev-Le Verrier- Frame approach ([14] [17]) is the most effective technique for calculating 
the characteristic polynomial.  
Balasubramanian ([18][26]) frequently used the computerized version of the following variation of this 
technique. 
The coefficients of the characteristic polynomial ݌௚(ఒ) = ௡ߣ + ܾଵߣ௡ିଵ + ܾଶߣ௡ିଶ +⋯+ܾ௡ of graph G are 
directly related to its structure.  
For illustration, the number of edges of G is −ܾଶ and the number of triangles of G is−ܾଷ 2ൗ . In [38] the following 
theorem determines the coefficients of the characteristic polynomial of matrix of a graph. 
Theorem1.[38]Let t݌௚(ఒ) = ௡ߣ + ܾଵߣ௡ିଵ + ܾଶߣ௡ିଶ +⋯+ܾ௡  be the characteristic polynomial of graph G, the 
sets Ei, 1 ≤ i ≤ n consisting of the elementary sub- graphs of G, with i vertices and r(∧) and s(∧) the rank and co-
rank of Ei, respectively. We then have. 

(−1)௜ܽ௜ = ෍ (−1)௥(∧)

∧∈ா೔

2ௌ(∧)
 

Using the trace of the Laplacian matrix, Ivailo M. Mladenov et al. have provided a very elegant approach to 
identify the coefficients of a characteristic polynomial. Samuel Jurkiewicz et al. has determined the Laplacian 
coefficients of a characteristic polynomial in [32]. 
We provide a new technique to discover Laplacian coefficients of characteristic polynomial using the trace of a 
Laplacian matrix of Star graph G, based on the afore mentioned theorem, Faddeev-LeVerrier algorithm, and 
[38]. 
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Proposition 2.Let G be a Star graph then, 

tr(ܮ௟) = ݊௟ + (n − 2). 

Proof. Here, the proof is by induction, 

(ܮ)ݎݐ                     = ෍ߣ௜

௡

௜ୀଵ

 

                            =  ݊ + (݊ − 2) 

we get 

ଶ݊= (ଶܮ)ݎݐ                   + (݊ − 2) 

and 

ଷ݊= (ଷܮ)ݎݐ                   + (݊ − 2) 

For an integer y, 

௬݊ = (௬ܮ)ݎݐ                  + (݊ − 2) 

௬݊ = (௬ାଵܮ)ݎݐ                  + (݊ − 2) 

Hence by induction tr (ܮ௟) = ݊௟ +(n − 2). 
Example: 
If we put l= 1, 2, 3, 4 in the above expression we have the following. 

 n2 + n-2 =(ଶܮ)ݎݐ n+(n − 2) = 2n −2 =(ܮ)ݎݐ

 n3+ n-2 =(ଷܮ)ݎݐ

 n4+ n-2 =(ସܮ)ݎݐ

Coefficients b1, b2, b3and b4 of characteristic equation of a Laplacian matrix of a Star graph G, are calculated as 
follows: 

ܾଵ = −tr(L) = −݊ + (݊ −  2)= - (2n - 2) 

 ܾଶ = ିଵ
ଶ
ଵܤ݁ݎℎ݁ݓ (ܮଵܤ)ݎݐ = ܮ + ܾଵI 

=
−1
2 ଶܮ)ݎݐ −  (2n −  (ܮ(2 

=
−1
2 (ଶܮ)ݎݐ)  −  (2n −  ((ܮ)ݎݐ(2 

 

 =
−1
2  (݊ଶ  +  ݊ − 2− (݊ଶ −݊)(݊ଶ −݊)) 

 = ିଵ
ଶ

(−3݊ଶ + 9݊ − 6). 

ܾଷ =
−1
3 ଶܤ      ݁ݎℎ݁ݓ         ( ܮ ଶܤ )ݎݐ  = ܮଵܤ + ܾଶI 

=
−1
3 +ܮ)൫ݎݐ ܾଵܮ(ܫଶ +  ܾଶܮ൯ 

 =
−1
3 ܮ)൫ݎݐ + ܾଵܮ(ܫଶ +  ܾଶܮ൯ 

  =
−1
3 ଷܮ)ݎݐ + ܾଵܮଶ +  ܾଶܮ) 
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  =
−1
3 (ଷܮ)ݎݐ)  + − (2n − (ଶܮ)ݎݐ  (2  +  

−1
2 (−3݊ଶ + 9݊ −  ((ܮ)ݎݐ(6

ܾସ=ିଵ
ଷ

  (2݊ଷ − 12݊ଶ + 22݊ − 12 )                        

ܾସ = ିଵ
ସ
ܮଷܤ   where (ܮଷܤ)ݎݐ + ܾଷܫ 

=ିଵ
ସ

tr ((ܤଵܮ + ܾଶ)ܮଶ + ܾଷܮ) 

=   ିଵ
ସ
ܮ))ݎݐ + ܾଵ)ܮଷ + ܾଶܮଶ +ܾଷܮ) 

=ିଵ
ସ
ସܮ)ݎݐ + ܾଵܮଷ + ܾଶܮଶ+ܾଷܮ) 

=ିଵ
ସ
(ସܮ)ݎݐ)ݎݐ + ܾଵݎݐ(ܮଷ) + ܾଶݎݐ(ܮଶ)+ ܾଷ(ܮ)ݎݐ) 

=ିଵ
ଶସ

(−5݊ସ + 50݊ଷ − 175݊ଶ + 250݊ − 120) 

Theorem 3. The characteristic equation of a laplacian matrix of a star graph G is  
Ψ (G ,t)=ݐ௡ + ܾଵݐ௡ିଵ +⋯+ ܾ௡ିଵݐ + ܾ௡  ܽ݊݀ ܾ଴ = 1 then , 

ܾ௛ =
−1
ℎ
෍ܾ௥ݎݐ(ܮ௛ି௥)
௛ିଵ

௥ୀ଴

 

Where  ܾ௛  is the coefficients of the characteristic polynomial and ℎ ≠ 0. 
Proof: here  ܾଵ =  (ܮ)ݎݐ−

ܾଶ =
−1
2  (ܮଵܤ)ݎݐ

= ିଵ
ଶ
 (ܮ(ܿ+L))ݎݐ

= ିଵ
ଶ

{tr(ܮଶ) +  ܾଵݎݐ(L) 

   = ିଵ
ଶ

{ܾ଴ݎݐ(ܮଶ) +  ܾଵ(ܮ)ݎݐ}. 

For An integer y, 

ܾ௬ =
−1
ݕ
෍ܾ௥ݎݐ(
௬ିଵ

௥ୀ଴

 .(௬ି௥ܮ

We have, 

ܾ௬ାଵ =
−1
ݕ + 1 ݎݐ

൫ܤ௬ܮ൯ 

   = ିଵ
௬ାଵ

ݎݐ ቀ൫ܤ௬ିଵܮ + ܾ௬൯ܮቁ 

= ିଵ
௬ାଵ

tr((ܤܮ௬ିଶ+ܾ௬ିଵ)ܮଶ+ܾ௬L) 

= ିଵ
௬ାଵ

௬ିଶ൯ܤଷܮ൫ݎݐ) + ܾ௬ିଵtr(ܮଶ)+ ܾ௬(ܮ)ݎݐ) 

= ିଵ
௬ାଵ

(tr (ܮସܤ௬ିଷ) +tr(ܮଷ) ܾ௬ିଵ + ௬ܾ(ଶܮ)ݎݐ +  ((ܮ)ݎݐ

…… 

ܾ௞ାଵ =
−1
ݕ + 1 {ܾ଴ݎݐ(ܮ௬ାଵ) + ܾଵݎݐ(ܮ௬) + ܾଶݎݐ(ܮ௬ିଵ) +⋯+ ܾ௬(ܮ)ݎݐ} 
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i.e . , ܾ௬ାଵ= ିଵ
௬ାଵ

∑ ܾ௥ݎݐ(ܮ௬ାଵି௥)௬
௥ୀ଴  

Hence by induction, 

ܾ௛ = ିଵ
௛
∑ ܾ௥ܮ)ݎݐ௛ି௥௛ିଵ
௥ୀ଴ ≠h ݁ݎℎ݁ݓ   ( 0  

Theorem 4. Let G be a Star graph the laplacian characteristics polynomial of G is  

χ(G ,t) = ݐ௡ + ܾଵݐ௡ିଵ +⋯+ ܾ௡ିଵݐ + ܾ௡  ݐ݅ݓℎ ܾ଴ = 1 then 

ܾ௛ = ିଵ
௛
∑ ܾ௥൫݊௛ି௥ + (݊ − 2)൯௛ିଵ
௥ୀ଴ ≠h ݁ݎℎ݁ݓ  0 

Proof: by proposition 2, we have 

tr (ܮ௛ି௥) = ݊௛ି௥ + (݊ − 2). 

By theorem 3, we get  

ܾ௛ = ିଵ
௛
∑ ܾ௥൫݊௛ି௥ + (݊ − 2)൯௛ିଵ
௥ୀ଴ ≠h ݁ݎℎ݁ݓ  0 

Theorem 5. Let G be a Star graph, the laplacian characteristics polynomial of G is  
χ (G ,t) = ݐ௡ + ܾଵݐ௡ିଵ + ⋯+ ܾ௡ିଵݐ + ܾ௡  ݐ݅ݓℎ ܾ଴ = 1 and ߣଵ is the Laplacian eigenvalue of a star graph G  then 

ܾϛ =
−1
ϛ
෍ܾ௥((
ϛିଵ

௥ୀ଴

ଵߣ − 2) + ଵߣ
ϛି௥) 

Proof. Since,  ߣଵ = ݊     and hence by theorem 4 , 

ܾϛ = ିଵ
ϛ
∑ ܾ௥((ϛିଵ
௥ୀ଴ ଵߣ − ଵߣ+(2

ϛି௥). 

II. CONCLUSION   

In this article, we have found the first two techniques for finding the coefficients of the Star graphs Laplacian 
matrix distinctive polynomial  
 Using the table below indicated several vertices in a Star graph G 
 Using Star graph G’ s eigen values 

TABLE I 

Number of vertices 

(n) of a Star graph  

Star Graph  Coefficients of characteristic polynomial  

5 

 

ܾଵ = −8,    ܾଶ = 18,   ܾଷ = −16, ܾସ = 5 

6 

 

ܾଵ = −10,ܾଶ = 30,ܾଷ = −40, ܾସ = 25, ܾହ = −6 

7 

 

ܾଵ = −12,ܾଶ = 45,ܾଷ = −80. ܾସ = 75, ܾହ = −36,ܾ଺ = −7 

8 

 

ܾଵ = −14,ܾଶ = 63,ܾଷ = −140,ܾସ = 175, ܾହ = −126,ܾ଺ = 49, ܾ଻ = −8  
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9 

 

ܾଵ = −16, ܾଶ = 84,ܾଷ = −224, ܾସ = 350,   ܾହ = −336 , ܾ଺ = 196 ,ܾ଻ = 64, ଼ܾ = 9 

10 ܾଵ = −18 ,ܾଶ = 108 ,ܾଷ= - 336,  ܾସ = 630 ,ܾହ = −756 ,ܾ଺ = 588 ,ܾ଻ = −288,଼ܾ =
81 ,ܾଽ = −10  
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