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Abstract— In this manuscript, we propose a new method to solve nonlinear equations without 
the need for higher-order derivatives. In particular, we propose a fourth-order, derivative-free 
iterative scheme for approximating the roots of nonlinear functions. The convergence analysis 
of the proposed method is carried out in two steps: first, to show its derivative-free nature, and 
second, to include a proper weight function. For comparing the efficiency of the method 
proposed, we conduct comparative analyses with some popular methods for a group of 
nonlinear equations. The results indicate that our method is more efficient than other methods 
in all the cases. Numerical experiments also validate the efficiency and accuracy of the method, 
and show better performance in CPU time, residual error, reduction of error per iteration, and 
number of iterations to converge. 
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I. INTRODUCTION 

In recent years, numerous studies have explored the idea of eliminating derivatives from iterative functions to 
keep from computing new operations, which include the first and second derivatives. The goal is to compute 
iterates solely using the original function that defines the problem, while preserving the convergence order. In 
this context, the term “derivative-free” [3, 12, 14] is commonly used in the literature on nonlinear equations, 
typically referring to methods that bypass the derivative. Finding efficient techniques for resolving solutions to 
nonlinear equations remains a crucial research area in the field of numerical analysis, as such equations arise in 
various scientific and technological disciplines. 
In this study, we focus on solving scalar nonlinear problems in the format of: Ϝ(r) = 0, where Ϝ: D ⊂ R → R, D 
is an open set. Over the past decades, iterative methods have gained widespread use for solving nonlinear 
problems [2], generating sequences of points that progressively approach the root, ultimately yielding an 
approximation with the desired precision. Extensive literature exists on methods for approximating the solutions 
of nonlinear equations. Among the most recognized methods is Newton’s iteration method [1, 8], that is derived 
from” the iterative expression:   

௞- Ϝ(௥ೖ)ݎ =௞ାଵݎ
Ϝᇲ(௥ೖ)

 

Given an initial guess that is not the exact root, Newton’s method exhibits quadratic convergence [15,16].  
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However, in many cases, the derivatives of nonlinear equations are either difficult to compute or lack an explicit 
analytical expression. To address this, Steffensen [6] proposed approximating the derivative in Newton’s method 
as:  

Ϝ′(ݎ௞) ≈ Ϝ(௥ೖା Ϝ(௥ೖ))ି Ϝ(௥ೖ)
Ϝ(௥ೖ)

 

Substituting this approximation into Newton’s iterative formula yields Steffensen’s method [6]:  

௞ାଵݎ ௞ݎ =   −   Ϝ(௥ೖ)మ

Ϝ(௥ೖା Ϝ(௥ೖ))ି Ϝ(௥ೖ)
 

which also achieves quadratic convergence. The incorporation of weight functions in iterative schemes allows 
for the development of methods that improve Convergence rate without significantly improving the number of 
evaluation of functions. In the case of this paper, we utilize these techniques to design methods that enhance 
convergence order [4, 5, 10, 11] while minimizing computational costs. The composition of the paper is 
organized as follows: Section 2 outlines the development of an innovative iterative technique, along with a proof 
in terms of its convergence order. Section 3 analyzes the numerical results, including comparisons with existing 
methods to validate the theoretical findings. Finally, Section 4 concludes the paper by summarizing the results 
and suggesting potential future directions.  

II. CONSTRUCTION AND CONVERGENCE ANALYSIS OF PROPOSED METHOD 

Considering Newton’s Modified Method [7], which is expressed as: 

௞ݎ  =  ௞ݕ    −  
Ϝ൬௥ೖ  ି Ϝ(ೝೖ)

Ϝᇲ(ೝೖ)
൰ ା Ϝ(௥ೖ)

Ϝᇲ(௥ೖ)
                                        (2.1) 

In this equation, Ϝ′(ݎ௞) represents the derivative of the function Ϝ( r). By approximating the derivative as 

Ϝ′(r) ≈ Ϝ(௥ା௛)ିϜ(௥)
௛

 

equation (2.1) reduces to  

௞ݎ  =  ௞ݕ    − ቌ
Ϝቆ ୰ౡ ି 

 Ϝ(ೝೖ)మ

Ϝ(ೝೖశ Ϝ(ೝೖ))ష Ϝ(ೝೖ)  ቇା  Ϝ(௥ೖ) 

Ϝ(௥ೖା Ϝ(௥ೖ))ି Ϝ(௥ೖ)
ቍ Ϝ′(ݎ௞)           (2.2) 

The proposed method is constructed by taking the first step as equation (2.2). In the second step, a weight 
function is introduced, and the method PM is defined as follows:  

௞ݎ  =  ௞ݕ   − ቌ
Ϝቆ ୰ౡ ି 

 Ϝ(ೝೖ)మ

Ϝ(ೝೖశ Ϝ(ೝೖ))ష Ϝ(ೝೖ)  ቇା  Ϝ(௥ೖ) 

Ϝ(௥ೖା Ϝ(௥ೖ))ି Ϝ(௥ೖ)
ቍ Ϝ′(ݎ௞) 

ቌ  (μ୩)ܪ – ௞ݎ =௞ାଵݎ
Ϝቆ ୰ౡି 

 Ϝ(ೝೖ)మ

Ϝ(ೝೖశ Ϝ(ೝೖ))ష Ϝ(ೝೖ)  ቇା  Ϝ(௥ೖ) 

Ϝ(௥ೖା Ϝ(௥ೖ))ି Ϝ(௥ೖ)
ቍ Ϝ′(ݎ௞)                                     (2.3) 

in which the weight function H(ߤ௞) : R → R is defined with its origin at 0, and ߤ௞ = Ϝ(୷ౡ)
Ϝ(୰ౡ)

 . The weight function 
H(µk) is subjected to specific constraints that ensure the convergence of the iterative scheme under appropriate 
conditions. These constraints and their implications for convergence are discussed in detail in Theorem 2.1.  

A. Convergence Analysis  
The theorem presented here outlines the analysis of convergence for a class of proposed method (2.3) to 
determine the solutions of nonlinear equations. 
Theorem 2.1:   Let Ϝ: D ⊂ R → R be a nonlinear expression defined as part of a neighborhood D containing α, 
where Ϝ(α) = 0. Assume that Ϝ′(α) ≢ 0. If r0 is an initial guess sufficiently near to the actual value that satisfies 
the equation, then the proposed method described in the equation (2.3) exhibits fourth-order convergence, 
assuming the weight function satisfies 
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H(0) = 1, H′ (0) = 1. 

Proof:   Let ݁௞ = ݎ௞ − α represent The deviation in the  ܭ௧௛  repetition . Then, we can express the iteration as 

 ௞ = ݁௞ + α                                                                            (2.4)ݎ

Substituting this value into the function, we have  

Ϝ( ݎ௞) = Ϝ(݁௞+ α).                                                                 (2.5) 

Now, applying Taylor expansion to  Ϝ(ݎ௞) around α, we get 

Ϝ(ݎ௞) = v(α) + ݁௞ Ϝ′(α) + ୣౡ
మ  Ϝᇲᇲ(஑) 

ଶ!
+ ୣౡ

యϜᇲᇲᇲ(஑)  
ଷ!

 + ….                (2.6) 

Since α is the actual root, we know that Ϝ(α) = 0. Substituting this, the equation (2.6) simplifies to 

Ϝ(ݎ௞) = ݁௞Ϝ′(α) +  ୣౡ
మ  Ϝᇲᇲ(஑)  

ଶ!
+  ୣౡ

య  Ϝᇲᇲᇲ(஑)  
ଷ!

 + ……..                   (2.7) 

Factoring out Ϝ′(α) from equation (2.7), we obtain  

Ϝ(ݎ௞) = Ϝ′(α) ቀe୩ +  ୣౡ
మ

ଶ!
  Ϝᇲᇲ(஑) 

Ϝᇲ(஑) 
+  ୣౡ

య

ଷ!
 Ϝᇲᇲᇲ(஑)  

Ϝᇲ(஑) 
 + … ቁ.                (2.8) 

Let ci =
Ϝ(౟శభ)(஑) 

(୧ାଵ)! Ϝᇲ (஑)
 . Then, from equation (2.8), the value of Φ(rk) becomes  

Ϝ(ݎ௞) = Ϝ′(α) ൫݁௞ + ܿଵ  ݁௞
ଶ +  ܿଶ݁௞

ଷ + ⋯ ൯.                            (2.9) 

Next, let ݐ௞ = ݎ௞+ Ϝ(ݎ௞). Substituting the expression for Ϝ(rk), we get  

௞= 2݁௞+ ܿଵ݁௞ݐ
ଶ+ ܿଶ݁௞

ଷ + O(݁௞
ସ).                                           (2.10) 

Now, applying the Taylor expansion to Ϝ(ݐ௞) around α, we obtain  

Ϝ(ݐ௞) = ݐ௞ + ܿଵݐ௞
ଶ + ܿଶݐ௞

ଷ + O(ݐ௞
ସ ).                                          (2.11) 

Substituting the expression for tk, this becomes 

Ϝ(ݐ௞) = 2݁௞ + 5ܿଵ݁௞
ଶ + (4ܿଶ

ଶ+ 9ܿଶ)݁௞
ଷ+ O(݁௞

ସ ).                                (2.12) 

Next, computing the value of ݎ௞  −  (Ϝ(௥ೖ))మ

Ϝ(௥ೖା Ϝ(௥ೖ))ି Ϝ(௥ೖ)
 from the first step of the proposed scheme (2.3), we denote 

this result by ݈௞. 
Now,  

݈௞ = ݎ௞ − ( Ϝ(௥ೖ))మ

Ϝ(௥ೖା Ϝ(௥ೖ))ି Ϝ(௥ೖ)
 

=2ܿଵ݁௞
ଶ+ (-5ܿଵ

ଶ+6ܿଶ)݁௞
ଷ + (13ܿଵ

ଷ – 2ܿଵܿଶ +14ܿଵ)݁௞
ସ+ O(݁௞

ହ).                    (2.13) 

Now, applying the Taylor expansion to Ϝ(݈௞) around α, we have 

Ϝ(݈௞) = Ϝቀr୩  −   (Ϝ(௥ೖ))మ

Ϝ(௥ೖା Ϝ(௥ೖ))ି Ϝ(௥ೖ)
 ቁ 

= 2ܿଵ݁௞
ଶ+ (-5ܿଵ

ଶ +6ܿଶ)݁௞
ଷ + (17ܿଵܿଷ–2ܿଵܿଶ +14ܿଷ)݁௞

ସ + O(݁௞
ହ).   (2.14) 

Next, we compute the values of (Ϝ(݈௞)+ Ϝ(ݎ௞))·Ϝ(ݎ௞) and Ϝ(ݎ௞+ Ϝ(ݎ௞))−Ϝ(ݎ௞), denoted as ݉௞ and ݊௞, 
respectively: 

݉௞ = ݁௞
ଶ + 4ܿଵ݁௞

ଷ + (−2ܿଵ
ଶ+ 8ܿଶ)݁௞

ସ + O(݁௞
ହ ).                                    (2.15) 

݊௞ = ݁௞ + 4ܿଵ݁௞
ଶ + (4ܿଵ

ଶ+ 8ܿଶ)݁௞
ଷ + (ܿଵ

ଷ+ 16ܿଵܿଶ+ 16ܿଷ)݁௞
ସ + O(݁௞

ହ).                             (2.16) 

Substituting the expressions from equations (2.15) and (2.16) into the first step of the proposed scheme (2.3), we 
get  
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− ௞ݎ =௞ݕ ୣౡ
మା ସୡభୣౡ

య  ା (ିଶୡభ
మ ା ଼ୡమ)ୣౡ

రା ୓(ୣౡ
ఱ  )

ୣౡ ା ସୡభୣౡ
మ  ା (ସୡభ

మା ଼ୡమ)ୣౡ
య  ା (ୡభ

య ା ଵ଺ୡభୡమା ଵ଺ୡయ)ୣౡ
ర  ା ୓(ୣౡ

ఱ)
, 

௞ݎ= − ൫e୩ −  6cଵ
ଶ e୩

ଷ  +  (35cଵ
ଷ  −  32cଵcଶ)e୩

ସ +  O(e୩
ହ)൯.                                           (2.17) 

Subtracting α from both sides of equation (2.17), and letting e′k= yk−α, we obtain  

௞− α − ൫e୩ݎ = ௞− αݕ −  6cଵ
ଶ e୩

ଷ + (35cଵ
ଷ −  32cଵcଶ )e୩

ସ + O(e୩
ହ)൯                                             (2.18) 

Thus, (2.18) becomes  

݁௞
ᇱ  = ݁௞ − ൫e୩ − 6cଵ

ଶ e୩
ଷ + (35cଵ

ଷ − 32cଵ cଶ )e୩
ସ + O(e୩

ହ)൯. 

= 6ܿଵ
ଶ݁௞

ଷ + (35ܿଵ
ଷ − 32ܿଵܿଶ)݁௞

ସ +  ܱ(݁௞
ହ).                                                                                (2.19) 

Now, applying Taylor’s expansion to Ϝ(ݕ௞) around α, we have:  

Ϝ(ݕ௞) = Ϝ(݁௞
ᇱ + α), 

= Ϝᇱ(α)(݁௞
ᇱ  + ܿଵ݁௞

ᇱଶ + ܿଶ݁௞
ᇱଷ ) + O(݁௞

ᇱସ ). 

= 6c21 ݁௞
ଷ + (−35ܿଵ

ଷ + 32ܿଵܿଶ)݁௞
ସ + O(݁௞

ହ).                                                (2.20) 

Now, using the values of Ϝ(ݕ௞) and Ϝ(ݎ௞) from equations (2.20) and (2.9), we calculate the value of µk:  
 ௞ = Ϝ(୷ౡ)ߤ

Ϝ (୰ౡ)
 , 

= ଺ୡభ
మ ୣౡ

య  ା (ିଷହୡభ
య ା ଷଶୡభୡమ)ୣౡ

ర  ା ୓(ୣౡ
ఱ  )

ୣౡ ା ୡభୣౡ
మା ୡమୣౡ

య  ା ୓(ୣౡ
ర  ) 

                                           (2.21) 

Substituting the value of e′k from equation (2.18) into equation (2.21), we get: 

௞ = 6ܿଵ݁௞ߤ
ଶ + (−41ܿଵ

ଷ + 32ܿଵܿଶ)݁௞
ଷ+ (194ܿଵ

ସ − 295ܿଵ
ଶܿଶ + 42ܿଶ

ଶ + 72ܿଵܿଷ)݁௞
ସ+ O(݁௞

ହ ).                            (2.22) 

Therefore, the weighting factor H(ߤ௞) close to zero is expressed as:  

H(ߤ௞) = H(0) + ܪᇱ(0)ߤ௞ +  ு
ᇲᇲ(଴)
ଶ!

௄ߤ
ଶ  + O(ߤ௄

ଷ  ), 

=H(0)+6ܪᇱ(0)݁௞
ଶ+(−41ܿଵ

ଷ+32ܿଵܿଶ)ܪᇱ(0)݁௞
ଷ+[(194ܿଵ

ସ  −  295ܿଵܿଶ  + 42ܿଶ
ଶ +  72ܿଵܿଷ)ܪᇱ(0)  +  18ܿଵ

ସܪᇱᇱ(0)] 
݁௞

ସ+ O(݁௞
ହ).                                        (2.23) 

Now, using the value of H(ߤ௄) and substituting equations (2.15) and (2.16) into the second step of the proposed 
scheme, we have:  

Ϝቌ .(௞ߤ)௞ – Hݎ = ௞ାଵݎ
ቆ ୰ౡ ି 

 Ϝ(ೝೖ)మ

Ϝ(ೝೖశ Ϝ(ೝೖ))ష Ϝ(ೝೖ)  ቇା  Ϝ(௥ೖ) 

Ϝ(௥ೖା Ϝ(௥ೖ))ି Ϝ(௥ೖ)
ቍ Ϝ(ݎ௄ ).                                         (2.24) 

Subtracting α from both sides of the above equation:  

݁௞ାଵ=݁௞−൫(0)ܪe୩  +  (−6cଵ
ଶ(0)ܪ +  6cଵ

ଶ ܪᇱ (0)e୩
ଷ  + (35cଵ

ଷ (0)ܪ − 32cଵ  cଶ   (0)ܪ − 41cଵ
ଷ ܪᇱ(0) +

32cଵ cଶܪᇱ(0))e୩
ସ  + O(e୩

ହ)൯. 

=(1−H(0))݁௞+(6ܿଵ
ଶ(0)ܪ − 6ܿଵ

ଶܪᇱ(0)e୩
ଷ   + (−35cଵ

ଷ (0)ܪ + 32cଵ  cଶ   (0)ܪ + 41cଵ
ଷ ܪᇱ(0) +  32cଵ cଶ ܪᇱ(0))e୩

ସ  +
    O൫e୩

ହ൯.                                     (2.25) 

To demonstrate that the proposed method achieves fourth-order convergence in the equation scheme (2.3), the 
coefficients ݁௞ the terms ݁௞ and ݁௞

ଷ must be zero. From equation (2.25), we obtain the system outlined below:  

൜ (0)ܪ −  1 =  0,
(0)ܪ  − ᇱ(0)ܪ   =  0.ൠ                                                                                             (2.26) 

Thus, the solution of the system is:  

H(0)= 1, Hᇱ(0)= 1.                                                                                                   (2.27) 



 
15304 

Substituting these values into equation (2.25), the error equation of the proposed method can be written as:   

݁௞ାଵ = 6ܿଵ
ହ݁௞

ସ+ (−5ܿଵ
ସ + 38ܿଵ

ଶܿଶ − 18ܿଵ
ସܪᇱᇱᇱ(0))݁௞

ହ + O(݁௞
଺).                                              (2.28) 

This completes the proof demonstration. 

III. NUMERICAL EXPERIMENTS  

This section presents a numerical comparison of the proposed fourth-order family method (2.3) with other 
established methods for solving nonlinear equations that share the same order of convergence. In each case, the 
families are developed using the method of weight functions. 
The members of class (2.3) used are H1, H2, and H3 which align with the weight functions ܪଵ(ߤ௞) = 1 + ߤ௞ + ߤ௞

ଶ , 
  ଶఓೖ ାଵ = (௞ߤ)ଶܪ

ఓೖାଵ
 and ܪଷ(ߤ௞) = ଵାଶఓೖ

ଵ ା ஜౡ ା ఓೖ
మ respectively.  

Tables [1 – 3], shows the findings obtained using these methods. All computing has been carried out using 
Mathematica software version 11.1.1 and the stopping criteria |ݎ௞ାଵ  ௞| < 10−200 are used. Furthermore, the rateݎ − 
of convergence in computation (ACOC) was approximated using the following algor 

ACOC ≈ 
୪୬൨౨ౡశమష౨ౡశభ

౨ౡశభష౨ౡ
൤

୪୬൨
౨ౡశభష౨ౡ
౨ౡష౨ౡషభ

൤
 

The significance of the expression m(±n) is m × 10(±n) evident throughout the entire table. In order to facilitate 
for the sake of comparison, we have employed the fourth-order method used in cordero et.al. [9] and denoted by 
AC as follows:  

௞ – Ϝ(୰ౡ)ݎ = ௞ݕ
Ϝ[୵ౡ ,୷ౡ]

 

௞ାଵݎ (௞ߤ)௞ − Hݕ =  Ϝ(୷ౡ)
Ϝൣ୷ౡ  ,୰ౡ൧

 

where ݓ௞ = ݎ௞  + β Ϝ(ݎ௞) the variable for the weight function is defined as follows ߤ௞ = Ϝ(୷ౡ)
Ϝ(୵ౡ)

 
Furthermore, we have implemented the fourth order as described by Chicharro et.al. [13], which is denoted as F 
C, as follows  

௞ – Ϝ(୰ౡ)ݎ = ௞ݕ
Ϝᇱ(୰ౡ)

 

Ϝ(୰ౡ) (௞ߤ)௞ − Hݎ = ௞ାଵݎ
Ϝᇱ(୰ౡ)

 

where ߤ௞= Ϝ(୷ౡ)
Ϝ(୰ౡ)

 

 
Example 3.1 Consider a nonlinear equation presented in the following manner 
Ϝ1 (r) = sin(r) − r2 + 1 
The actual root of the function is α ≈ 1.409624 and the initial guess is taken as 1.  
This table provides a comparative evaluation of various methods (PM1, PM2, PM3, AC1, AC2, FC1, FC2) 
grounded in numerical performance. All methods have ACOC = 4.0000, exhibit a comparable convergence 
order.  

TABLE I: NUMERICAL OUTCOMES DERIVED FROM EXAMPLE 3.1 USING DIFFERENT METHODOLOGIES, FOR INSTANCE 

Method |r(3) − r(2)|  |r(4) − r(3)|  |r(5) − r(4)|  Ϝ(r(5)) ACOC  CPU Timing  
PM1 2.8(−12)  1.2(−47)  4.5(−189)  2.2(−754)  4.0000  1.344  
PM2 1.2(−12)  5.4(−49)  1.7(−194)  4.8(−776)  4.0000  1.422  
PM3 8.1(−13) 8.6(−50)  1.1(−197)  7.7(−789)  4.0000  1.376  
AC1 2.4(−8) 3.3(−31)  1.1(-122)  5.1(−468)  4.0000  2.328  
AC2 3.9(−9)  1.5(−34)  4.3(−136)  6.3(−542)  4.0000  2.188  
FC1 9.2(−4)  6.3(−13)  1.4(−49)  1.0(−195)  4.0000  3.749  
FC2 4.0(−9)  4.5(−35)  7.3(−139)  1.3(−553)  4.0000  3.188  

Example 3.2 Consider a nonlinear equation presented in the following manner  
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Ϝ2 (r) = e−r + 2 sin(r) − r + 3.5 

The actual root of the function is α ≈ 3.273938 and the initial guess is taken as 3.  
These columns quantify the absolute differences observed between consecutive iterations of a numerical 
algorithm.  
Reduced values signify enhanced accuracy and more rapid convergence. Error metrics (|r(3)−r(2)|, |r(4)−r(3)|, |r(5)− 
r(4)|), represented by these columns, quantify the absolute differences between successive iterations of a 
numerical algorithm. Lower values signify greater accuracy and more rapid convergence.  

TABLE II: NUMERICAL OUTCOMES DERIVED FROM EXAMPLE 3.2 USING DIFFERENT METHODOLOGIES, FOR INSTANCE. 

Method |r(3) − r(2)|  |r(4) − r(3)|  |r(5) − r(4)|  Ϝ(r(5))  ACOC  CPU Timing  
PM1 1.4(−26)  1.2(−107)  6.2(−432) 9.2(−1728) 4.0000 4.218 
PM2  1.0(−25)  3.5(−104)  3.9(−418) 1.8(−1673) 4.0000 4.188 
PM3  2.2(−25)  6.1(−103)  3.6(−413) 1.4(−1653) 4.0000 4.048 
AC1  6.6(−17)  4.5(−67)  9.6(-268) 6.6(−1070) 4.0000 5.125 
AC2  5.8(−17)  2.5(−67)  1.0(−268) 7.5(−1074) 4.0000 5.983 
FC1  5.3(−24)  4.8(−96)  3.3(−384) 2.3(−1536) 4.0000 4.390 
FC1  4.8(−24) 3.0(−96)  4.5(−385) 6.8(−1540) 4.0000 4.423 

Example 3.3 An unwanted RF breakdown [17], which can occur in high-power microwave devices operating in 
a vacuum, is referred to as the multifactor effect. This phenomenon, for example, can be observed within a 
parallelplate waveguide. The presence of an electric field, along with the potential difference, induces electron 
movement between the two plates. Specifically, the path of an electron within the gap of air between two parallel 
plates can be described in the following manner:  

y(t) = y0 + ቀݒ଴  +  ݁ ாబ
௠ఠ

଴ݐ߱)݊݅ݏ   + ቁ(t − t0) + e  (ߙ  ாబ
௠னమ (ܿݐ߱)ݏ݋ + (ߙ   − + 0ݐ߱)ݏ݋ܿ   (3.1)                   ((ߙ 

In this case, the mass m and charge e refer to the rest mass and electric charge of the electron, respectively, and 
E0sin(ωt + α) represents the RF electric field applied between the plates. The initial position and velocity of the 
electron at time t0 are denoted by y0 and v0 respectively. For this particular scenario, we set t0 = 0, v0 = ଵ

ହ
 , y0 = 

0ω = 1, α = 0 and eாబ
௠

 =1. This results in the transformation of equation (3.1) into a nonlinear equation of the 
form  

Ϝ3 (r) = ୰
ହ
 + cos(r) − గ

ଶ
 . 

This function exhibits a zero, which is α ≈ 5.258243 The initial approximation of the function’s root, has been 
selected: r0 = 5.  
Based on the results obtained, shown in Table 3, it is clear that the proposed methods are, in general, faster than 
the existing ones. 

TABLE III: NUMERICAL OUTCOMES DERIVED FROM EXAMPLE 3.3 USING DIFFERENT METHODOLOGIES FOR INSTANCE. 

Method  |r(3) − r(2)|  |r(4) − r(3)|  |r(5) − r(4)|  Ϝ(r(5))  ACOC  CPU Timing  
PM1  5.9(−18)  1.1(−70)  1.8(−281)  1.1(−1124)  4.0000  0.468  
PM2  1.3(−17)  3.4(−69)  1.2(−275)  2.5(−1101)  4.0000  0.281  
PM3  1.9(−17)  1.4(−68)  4.2(−273)  3.6(−1091)  4.0000  0.391  
AC1  6.1(−15)  3.8(−58)  5.5(−231)  2.7(−922)  4.0000  1.312  
AC2  7.6(−15)  1.0(−57)  3.5(−229)  4.6(−915)  4.0000  1.156  
FC1  1.1(−16)  3.7(−70)  9.2(−280)  3.7(−1118)  4.0000  1.675  
FC1  9.3(−18)  1.7(−65)  1.0(−260)  1.2(−1041)  4.0000  1.875  

IV. CONCLUDING SUMMARY 

This study presents a novel and efficient family of fourth-order derivative-free iterative methods for solving 
nonlinear equations. The proposed methods utilize the weight function approach, enabling the development of 
new or existing iterative methods through the selection of appropriate weight functions. Computational results 
demonstrate that the proposed methods exhibit a higher convergence rate compared to other methods of the same 
order at the tested points.  
Additionally, our methods deliver more accurate results in situations where other methods face challenges in 
terms of convergence rate and error reduction.  
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