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Abstract—When the characteristic equation of a matrix A has distinct roots, the technique of
Faddeev-Sominsky determines the characteristic vectors (eigenvectors) corresponding to the
roots. In this article, we demonstrate how to construct the eigenvectors linked to an eigenvalue
with multiplicity using Gower's approach.

Index Terms— Eigenvalue problem, Faddeev-Sominsky’s algorithm, Gower’s process, Minimal
polynomial, Leverrier-Takeno’s method.

|. INTRODUCTION

Let A denotes an n < n matrix. We begin by considering the basic eigenvalue problem [1]:

ATy, = A Uy, 1)
in which the proper values of 4, are nothing but the zeros of p(s), the characteristic polynomial of the matrix A.
We write

p(s) =s"+a, s"H+ - +a,, p(A4) =0, )
whose coefficients a; can be obtained via Leverrier-Takeno’s process [2-6]:
ra,+a,_15; +a,_,8;, + ..+ a;5._,+s.=0, a,=1 s.=traceA”, r=12,..,n, 3)
that is
a,=-s;, 2'a;=(s5)%—s,, 3laz=—(s)3+3s;5,—2s;,
(4)

4 a, = (5)*—6(s)?s, +8s;5;+3(s5,)?—6s,, etc

Note that det A = (—1)"a,. The quantities a; can be expressed using the well-known complete Bell
polynomials [7, 8].
However, we also have the algorithm of Faddeev-Sominsky [6, 9-14]:
B, = A, q, = trB,, C, =B, —q.]
1
B, = C A, q2=5trB2, C,=B,—¢q,]
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: : : (5)
1
B, =C.;A Gn-1=— B, _4, Ch1=By 1 —qna |

B,=C,_; A q,=-1B

5 1 Rs
AN

—+

n
suchthat q; = —a;.

The theorem of Cayley-Hamilton-Frobenius [1] demonstrates that the matrix A satisfies its characteristic
equation (2):

A"+ g A"+ +aq, A+a,]=0. (6)

If a, # 0, then A is a non-singular matrix and from equations (5) and (6), we obtain the inverse matrix of A as

Al = _i(An—l + alAn—Z + . +an—1l) = i Cn—l' (7)

If A is a singular matrix, then the corresponding adjoint matrix is expressed as (see [10])
AdjA=(-1)"1(C,_,. 8)
From equation (5), we have the following Faddeev’s matrices [15]:
Cp = A+, AT + q,AF 2+ | +q, A+ aql, k=12..,n-1,. 9)

Therefore, equations (6) and (9) imply the relation
C,=B,—qlI=0.

If the roots of equation (2) are all distinct, then the method of Faddeev-Sominsky permits us to derive the
corresponding proper vectors of A, which is possible because for a given k, every column of
Q= A I+ AF2C + -+ Cpy, k=1,.,n, (10)
verifies (1); that is
AQr =2, Q. (11)
Hence Q, # 0, Vk and all columns of Q,, are proportional to each other. Therefore rank Q,, = 1 (See [16]). In

fact, from [15, 17-19], we have

Q(s) = 5"+ 5" Cy 5T G+ 4Gy = O (12)

with Q(4,) = Q, , which enables us to obtain equation (11).

Now, we employ equation (12) to an eigenvector of the matrix A to get

Q) e = 25 T (13)

Therefore Q, ), = 0, j # k, when all the roots of p(s) are distinct, and
U, = | li 2O 1n = [ A —2) % 14
Qi iy = | lims, 3, s | Y _[szl,j¢k (% j)]uk' (14)

Thus Q, is not null and the vector %, is also its eigenvector. We note the fact that the algorithm of Leverrier-
Takeno-Faddeev-Sominsky was better improved by the researchers Souriau [20] and Frame [21] (See also [22,
23)).
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However, if the eigenvalue 1, has multiplicity >1, equation (14) offers Q. i, = 0, in which case Q;, may be null
giving no details about the related eigenvectors. In the next section, we shall present the Gower’s technique [16]
to compute proper eigen vectors related to an eigenvalue with multiplicity >1.

Il. GOWER’S TECHNIQUE

We begin by accepting that 4, is an eigenvalue of the matrix A with multiplicity. Let the minimal polynomial
(See [1, 24]) of the matrix A be

b(s)=sm™+b; s™ 1+ b,s™2++bh,, m<n by=1 (15)

Then the columns of the matrix

Mm—Z + bm—l lr 7\k = Or
E, = (16)
AP I My + A2 M, 4+ My, A # 0,

give some or all of the eigenvectors corresponding to the eigen vector 4, (See [16]), where
M, = A, M, =(M_, +hI)A j=1.m (17)
If we use the equation (17) in the equation (16) we obtain the relations

21(’171:—01 bm—l—q Aqx 7\k = 01
E, = (18)
oo Tmo1-q A%, A #0,
such that:

=X b Ay, j=0,.,m=2, Ty =—by,. (19)

For example, if 4, = 0, we have
A+b 1 if m=2;
E, = A?+ b A+ b,1, if m=3; (20)
A3+b, A2+ b, A+b;1, if m=4,
and for 4, # 0, we have
m=2 E,=AA—-b,I; m=3 E,=A,A[A+ A, +b)1]—bsl;
(21)
m=4. E, =, A[A>+ A, +b)A+ (i + A, b, +b,)I]—b,1,...

We assert that E, may not generate the subspace of all independent proper vectors related to A,. So, it is
appropriate and acceptable to amplify the technique of Gower with differentiation method (See [22, 23, 25]). In
fact, when the eigen vector A, has multiplicity n,, , the columns of Q<=1 (A,) provide the information about the
eigenvectors i, corresponding 4, because

Q) %, =0, j=01,..n—2; (22)
and the property (22) is immediate from (13).

I11. CONCLUSION

In the Gower’s algorithm, the minimal polynomial is very important which can be constructed through the
technique of minimized iterations of Lanczos (See [26-29]) in association with Gelbaum’s method [30] or
Bialas-Bialas method (See [24, 31]).
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